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A lot of money is spent each year on teacher professional development, but 
researchers and policymakers are still trying to determine what that investment yields 
in terms of improvements in teacher knowledge and practice.  This study focuses n 
the extent to which middle school mathematics teachers comprehended and made use 
of the core content, pedagogical content and pedagogical components of a well 
designed professional development model.  At the time of data collection, the 
teachers were participating in a large, federally funded randomized field trial on 
professional development that focused on rational numbers.  Compared with many 
other teachers participating in the randomized study, these three teachers were highly 
receptive to the intensive, content-focused model and thus represent a critical case 
study of professional development. 
Using interview and classroom observation data from the 2007-08 school 
year, the study indicates that teachers understood and implemented many of the 
pedagogical components emphasized in the model, but they had difficulty 
comprehending and articulating the core rational number content.  Within the domain 




ratio and proportion concepts as compared with fraction and decimal concepts.   The 
study also describes sources of variation in teachers’ understanding of the 
professional development material and the extent to which they utilized the 
professional development material while teaching.   
Teachers’ understanding of math content is a critical link in the theory of 
action driving current educational policies that call for increased rigor and coherence 
in K-12 mathematics.  This case study illustrates that even well designed and well 
implemented professional development models may be incapable of improving 
teachers’ content knowledge to levels that positively affect their instructional 
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Increasing student achievement in mathematics is a prominent federal 
education policy aim.  Most policymakers acknowledge that improving students’ 
mathematics achievement is highly dependent on the quality of instruction they 
receive.  Researchers and policymakers also tend to agree that instructional quality is 
highly dependent on teachers’ knowledge of the subject matter (Ball, 1990; Wu, 
1996; Ma, 1999; Kilpatrick et al., 2001; Milgram 2005) and teachers’ knowledge of 
how to utilize and integrate the subject matter into the classroom (Shulman, 1986; 
Ma, 1999; Kilpatrick et al., 2001).  Given the shortage of well qualified mathematics 
teachers in the U.S. (Ingersoll, 1999 & 2001; Darling-Hammond & Sykes, 2003), 
policymakers increasingly are looking to professional development as a critic l means 
to help existing teachers boost their knowledge and thereby improve their 
instructional practices. 
Though professional development is viewed as a viable means to boost 
teachers’ content and pedagogical knowledge and improve instruction, much of the 
professional development teachers typically receive is unfocused, sporadic and 
therefore unlikely to influence substantively what teachers know and do (Wilson & 
Berne, 1999).  Professional development models that have certain characteristics, 
however, are considered more likely to impact what teachers know and how they 
teach (Garet et al., 2001).  Among these characteristics are activities that are (a) 
focused on student outcomes, (b) sustained and intensive, (c) aligned with district 




rationale (Hawley & Valli, 1999; Garet et al., 2001; Wilson & Berne, 1999).  A few 
studies have even shown a link between professional development and student 
achievement (e.g., Carpenter et al., 1989), but these studies are extremely rare (Yoon, 
et al. 2007). 
Though certain types of professional development models are presumed to be 
more effective than others, very little is known about what teachers actually learn 
from professional development and the extent to which that knowledge influences 
instructional practices.  In their review of research on teacher professional 
development, Wilson and Berne (1999) note this deficiency: “the ‘what’ of teacher 
learning [in professional development] needs to be identified, conceptualized, and 
assessed” (p.203).  This study seeks to fill this void, by describing what a select group 
of teachers learned from participating in a high-quality professional deveopm nt 
model.   
Study Context and Rationale 
 
This case study is set within the context of a larger study, a five-year, 
federally funded evaluation of mathematics professional development (hereafter, PD 
Math Study)  The goal of this large-scale, randomized field trial is to de ermine 
whether sustained, content-focused, classroom-embedded professional development 
influences what 7th grade math teachers know, how they teach, and what their 
students learn.  The key PD Math Study outcomes are student achievement in the 
domain of rational numbers, teacher content and pedagogical content knowledge in 
the domain of rational numbers, and teacher instructional practices in keeping with 




available in late 2009 and that report will include contrasts between treatment and 
control groups on all these dimensions.   
The primary purpose of this large, randomized study is to provide data that 
allow broad conclusions to be made about the impact of professional development on 
teacher and student outcomes.  However, the larger study’s analysis plan does not 
include in-depth analyses of the extent to which particular teachers comprehended 
and made use of the core content in the model.  Such in-depth studies are important 
because they provide descriptive data about the complexities of teacher learning.  
According to Yin (2003), a case study is an appropriate research method when the 
purpose of the study is to examine a contemporary phenomenon in its natural context 
and pay attention to the technical complexities and potential sources of variation th t 
are due to context.  This case study examines a phenomenon – in this study, 
professional development – in relation to its contextual factors, while randomized 
control trials, like the larger study, seek to control contextual variables between the 
treatment and “business as usual” conditions. 
 Given this information, the data from this case study could be used to inform 
the results of the larger study when they are available.  If the larger study finds an 
impact on teacher knowledge, teacher practice or student achievement, the data from 
this critical case could be used to describe particular aspects of teacher knowledge or 
teacher practice that might have contributed to the positive effect.  If the larger study 
does not find an impact on key study outcomes, the descriptive case study data could 
be used to build or support hypotheses for why the intervention failed to have an 




  This study focuses on the extent to which three middle school mathematics 
teachers comprehended and made use of the core content, pedagogical content and 
pedagogical components of a professional development model.  The teachers 
represent all the targeted teachers from one of the 38 schools (in 12 districts) that 
participated in the study. Though the larger study relied on randomization in its 
design, this case study selected these three teachers purposefully.  Unlike some of the 
other school-level teams of teachers participating in the study, these teach rs were 
highly receptive to the professional development intervention.  They actively 
participated in the study workshops, quickly established a strong rapport with the 
study-appointed professional development facilitator, and worked in a district and 
school that promoted a vision for teaching and learning consistent with the 
professional development model used in the larger study.  By selecting a data 
collection site in which participants were hospitable to the intervention, this inquiry 
represents a critical case study of professional development.  Critical case studies 
employ strategic sampling methods to allow generalizations of the sort, “if not here, 
then where” to be made (Flyvberg, 2001; Yin, 2003).    
 This study also draws upon my experience and expertise as the primary 
investigator.  I previously taught middle and high school mathematics, developed and 
delivered mathematics professional development, and oversaw the development and 
evaluation of the professional development intervention implemented in the larger 
study.  This relevant experience allowed me to play the role of expert observer, which 




components of this model and the teaching and learning of rational number concepts 
in middle school.   
This introductory chapter provides a brief preview of the dissertation.  In 
addition to the previous discussions of the problems driving this inquiry and the study 
context, the chapter includes an overview of the primary research questions and 
conceptual approach, and a discussion about the study’s significance.  The chapter 
concludes with a description of how the dissertation is organized and the main focus 
of each chapter. 
Research Questions  
 
 This case study seeks to answer two sets of questions: one that focuses on how 
much teachers learned about rational number content and pedagogical content 
through the professional development and one that focuses on how visible these core 
elements were during instruction.  The inquiry also explores potential sources of 
variation among the study’s three teachers related to these questions.  More formally, 
the primary research questions guiding this inquiry are: 
1. How deeply do the case study teachers understand the core content and 
pedagogical content components of the professional development model? 
What might explain any variation among teachers? 
 
2. How effectively do the case study teachers integrate into their instructional 
routines new content, pedagogical content and pedagogical knowledge?  
What might explain any variation among teachers? 
 
The potential sources of variation among teachers are based on a review of th  
literature and from theorizing based on practical experience.  
 The potential sources of variation for the first question, which focus on 




components of the model; teachers’ prior knowledge related to the professional 
development topics; teachers’ prior experience with comparable curricula; extr  self 
study or collaboration with the study’s professional development facilitator; and 
teachers’ beliefs and attitudes about the teaching strategies promoted in the 
professional development.  The potential sources of variation for the second question, 
which focuses on the extent to which the core emphases of the professional 
development are visible during instruction, include teachers’ understanding of the 
core math content and pedagogical content; whether or not teachers were working 
directly with an instructional coach; the complexity of the different components of the 
professional development model; and the frequency with which different components 
of the model occur.   
Conceptual Approach 
 
 The PD Math Study’s theory of action identifies teachers’ knowledge and 
teachers’ instructional practices as critical links to achieving the study’  ultimate 
outcome, improving student achievement in the domain of rational numbers (see 
Figure 1).  The logic assumes that if teachers participate in high-quality professional 
development, they will boost their knowledge and skills, which, in turn, will influence 
the quality of their instruction. As instructional quality improves, so does student 
achievement.  Each intermediate outcome simultaneously represents a critical link to 
improving student achievement and a point at which the model can break down.   For   
example, if teachers don’t learn key aspects of the content being emphasized in the     
professional development, they won’t be able to integrate that knowledge into their         




Figure 1. PD Math Study Theory of Action 
 
how or choose not to implement that knowledge during instruction.  This case study 
utilizes the larger study’s theory of action by providing detailed descriptions of how a 
group of teachers, working in an environment hospitable to the professional 
development intervention, perform on the intermediate study outcomes of teacher 
knowledge and practice.  Thus, the conceptual approach draws upon two streams of 
literature, the literature base addressing the types of content and pedagogical 
knowledge required for effective teaching and the base addressing most effective 
types of professional development.  
 The literature on the content and pedagogical content that math teachers need 
to know is substantial.  Over the past two decades, policymakers and national 
organizations, such as the National Council of Teachers of Mathematics (NCTM), 
have been calling for improvements to the teaching and learning of mathematics.  
They argue that traditional, procedural-based approaches to mathematics teaching do 
not prepare enough students for higher level mathematics.  Success in higher level 
mathematics is dependent on students’ understanding of concepts as well as 
procedures.   In order for students to receive mathematics instruction that attends to 
concepts as well as procedures, teachers must receive additional training and support 
to deliver instruction in a more conceptually-based way (National Council of 

















Though mathematicians and math education experts sometimes differ over the 
relative emphasis of particular mathematics concepts, they agree that conceptual 
understanding is a necessary condition for effective teaching.  Teachers need to know 
why, not just how, so that they can deliver meaningful instruction to students. And 
they need to be able to make connections among mathematical concepts so that 
students get a coherent rather than a fragmented view of mathematics (Natonal Math 
Panel Advisory Panel [NMAP], 2008).   
 Related to strong conceptual understanding of the topics they teach, experts 
also agree that teachers need pedagogical content knowledge, which is knowledge 
about how the concepts relate to student understanding (Shulman, 1986).  For 
example, a teacher with conceptual understanding about the meaning of fraction 
might use that knowledge to improve the precision or coherence of an explanation 
about fractions. If the same teacher possessed strong pedagogical content knowledge 
in this area, the teacher also would able to identify the most common student 
misconceptions and present the most appropriate representations of the concepts. 
Both types of knowledge, conceptual knowledge and pedagogical content knowledge, 
are considered to be critical for effective teaching (NRC, 2003; NCTM, 1989; 1991;
2000), and the professional development model used in the larger study attends to 
both types of knowledge in the domain of rational numbers. 
 The second literature base focuses on promising structures and mechanisms 
for triggering improvements in teacher knowledge.  Most experts argue that pre-
service training only goes so far in preparing math teachers to deliver high quality




learn a great deal about the content when they teach it, especially when working with 
students who struggle to understand the material.  Professional development allows 
teachers to expand their knowledge based on what they learn from their teaching 
experience.  However, teachers appear to learn more from certain types of 
professional development models than others.  More effective professional 
development models tend to be: (a) focused on student performance outcomes, (b) 
aligned with district standards, (c) connected to teachers’ daily work, (d) sustained 
and intensive, (e) collaborative or collective, and (f) linked to a theoretical rationale 
(Hawley & Valli, 1999; Garet et al., 2001; Wilson & Berne, 1999).   
 The design of the larger study’s professional development model includes the 
key ideas from both the professional development and teacher knowledge literature 
streams.  The model is sustained and intensive and focuses on material that matters to 
teachers’ daily work.  The model also builds teachers’ conceptual understanding a 
pedagogical content knowledge in a narrow range of topics.  Thus, the study’s overall 
theory of action is well grounded in the literature on improving teachers’ knowledge 
through professional development.  
Significance of Study 
  
 This study is important for several reasons.  First, the data in this study 
describe teachers’ understanding of important mathematics content.  Rational 
numbers is considered to be among the most important topics that students need to 
know in order to be successful in Algebra I, which is considered to be a critical 
“gatekeeper” course to advanced math and science tracks in high school (Kilpatrick et 




Education Progress (NAEP) have consistently shown that many middle school 
students have a limited understanding of basic rational number concepts.  The study’s 
focus on helping teachers deepen their understanding of and improve their instruction 
around rational numbers is therefore targeted on critical mathematics content – 
content that students have few opportunities to revisit once they leave middle school.
 Second, the study provides information on the complex nexus between 
knowledge and practice.  The research suggests that teacher knowledge is important 
to effective instruction (Hill, Rowan & Ball, 2005), but how that knowledge 
manifests itself during instruction is not well understood.  Though classrooms are 
inherently messy and extremely complex from a data collection standpoint, they 
represent the point at which teacher behaviors influence student understanding.  This 
study provides descriptive data on the visibility of content, pedagogical content, and 
pedagogical knowledge in this complex yet critical arena. 
 Third, this study provides information on how much teachers learn from 
participating in what is considered to be a high-quality professional development 
model.  A lot of money is spent each year on teacher professional development, yet 
little is known about what that investment actually yields in terms of improvements in 
teacher knowledge and practice.  By focusing on a hospitable setting for teacher 
learning, this study describes the type of return that can be expected on an investment 
in this type of professional development model. 
 Finally, this case study provides data on the multiple factors that influence 
what teachers learn through professional development activities and what they take 




learning mathematics and the complexity of the components of the model are 
discussed in great detail.  These data could be used to help fill the void in the teacher 
learning literature that calls for more “systematic theorizing about the mechanisms by 
which teachers learn” (Wilson, 1999, p.204). 
Dissertation Organization 
 
 The dissertation has seven chapters, including this introductory chapter.  The 
next chapter, Chapter 2, presents the two literature streams supporting the design of 
this study.  These streams represent the literature about (1) the types of mathematics 
knowledge required for effective teaching, and (2) the structure and characteristics of 
effective professional development models. Chapter 2 also connects the major ideas 
from both literature streams to the structure of the mathematics professional 
development intervention used in the PD Math Study, the focus of this inquiry. 
 Chapter 3 expands upon the description of the professional development 
model of the PD Math Study.  The chapter includes a brief overview of the 
development, timing and structure of the model, and a catalogue of the topics and 
strategies of the summer institute, follow-up seminars and coaching activities. 
Each of the core components of the model – the math content, pedagogical content 
and pedagogical elements – is described in detail, to provide a framework from which 
subsequent descriptive analyses are conducted.   
 Chapter 4 includes an overview of the study’s research and evaluation 
methods and procedures.  The chapter includes a rationale for a qualitative research 




data collection procedures and analytic techniques, and a discussion of steps used to 
foster validity and reliability of findings. 
 Chapters 5 and 6 contain the analyses of each of the two primary research 
questions.  Chapter 5 summarizes teachers’ understanding of the core rational number 
content and pedagogical content emphasized in the study.  The chapter includes a 
rubric that depicts teachers’ level of understanding.  The rubric is supplemented by 
relevant teacher responses to the questions.  Chapter 6 summarizes the level of 
visibility of the core content, pedagogical content and pedagogical knowledge during
instruction.  Like Chapter 5, this chapter includes a rubric, but instead of focusing on 
the level of teachers’ understanding it focuses on the level of teachers’ use of the 
professional development content during instruction.  In addition to providing rubric 
scores on the classroom observation protocol, the chapter contains classroom 
dialogue that illustrates various components of the observation protocol. 
 Chapter 7, the final chapter of the dissertation, discusses the findings from 
Chapters 5 and 6 in light of the literature on teachers’ knowledge and pedagogical 
knowledge in mathematics and the literature on effective forms of professional 
development.  The chapter concludes with a discussion of the limitations of the study 











CHAPTER 2:  LITERATURE BASE 
 
 This case study draws from two distinct literature bases. The first literature 
base addresses the types of knowledge required for effective mathematics teaching.  
This topic is hotly debated among scholars in the mathematics and mathematics 
education communities.  Consequently, this literature review addresses competing 
notions about what constitutes sufficient knowledge for teaching.  Though certain 
aspects are contested, other aspects of teacher knowledge are considered essential to 
quality teaching and learning.  This review identifies these domains of knowledge and 
describes such knowledge in relation to the core content and pedagogical content 
emphasized in the professional development intervention. 
 The second literature base examines what is currently known about 
professional development as it relates to improvements in teaching and learning.  
More specifically, this review describes several key features of effective professional 
development and explains why these features are thought to be promising, especially 
in terms of teacher learning and instructional decision making.  The review of 
effective professional development models includes data from experimental, survey-
based and qualitative studies as well as syntheses of the literature and 
recommendations from professional organizations.  This section of the chapter 
concludes with a discussion about the extent to which the professional development 
delivered in the PD Math Study can be characterized along these key, research-based 






What Types of Mathematical Knowledge Are Required for Effective Teaching? 
 
It would be extremely difficult today to find a mathematician or mathematics 
education expert who would describe the quality of K-12 mathematics education in 
the U.S. as adequate (Kilpatrick et al., 2001; Wu, 2005; Milgram, 2005; NCTM, 
2007).  Student achievement data from state, national and international tests over the 
past several decades have shown consistently that many U.S. schoolchildren, at best, 
have a very limited understanding of basic mathematical concepts (U.S. Department 
of Education [USDE], 2000; Kilpatrick et al., 2001; Perie, Grigg & Dion, 2005).  A 
well known mathematics problem taken from the 1978 National Assessment of 
Education Progress (NAEP) test illustrates this point:  Among the 13-year olds asked 
to estimate the sum of 7/8 and 12/13, a mere 24% percent chose the correct answer, 
“2.”  Despite modest achievement gains on the grades 4 and 8 mathematics portions
of the NAEP during the 1990s, the overwhelming majority of U.S. students still have 
not reached the proficient level.  These results are consistent with findings from large 
international studies, such as the 1995 Third International Math and Science Study 
(TIMSS) and the 1999 TIMSS-Repeat (TIMSS-R).  In both studies, U.S. 4th and 8th 
graders scored significantly lower than the top-scoring countries, with the 8th grade 
cohort performing worse than the 4th grade cohort (USDE, 2000).   
These data paint a similar picture.  Many U.S. schoolchildren have a shallow 
understanding of basic concepts and struggle greatly when they are asked to do much 
more than perform routine computations (NCTM 2000; NRC 2001; NCTM 2007).  
Since computers and calculators (rather than pencil and paper) are now the most 




concepts behind the procedures has become increasingly critical (NCTM 2000; NRC 
2001; NCTM 2007).  These technological advances do not suggest that students’ 
ability to perform accurate computations is unimportant or unrelated to the 
development of conceptual knowledge (Rittle-Johnson, Siegler & Alibali, 2001; 
Milgram, 1999).  However, in order for the U.S. to keep afloat internationally in an 
increasingly competitive technical marketplace, students must be able to do much 
more than compute accurately; they should be given ample opportunities to learn 
high-level, conceptually rich mathematics (Milgram, 1999).  
 While policymakers agree that U.S. achievement levels in mathematics are far 
too low, many debate how the country has gotten to this point and what should be 
done to fix the problem.  Explanations range from faulty curricula (Wu, 1994; NCTM 
2007), an under-supply of qualified teachers (Ingersoll, 2001; Darling-Hammond & 
Sykes, 2003), lack of quality professional development opportunities (Stigler & 
Hiebert, 1999; Garet, Porter, Desimone, Birman & Yoon, 2001), low expectations of 
teachers (USDE, 2002), lack of parental support, and so on.  It is difficult to know for 
sure which of these explanations or combinations of explanations has the most merit.  
One source of the problem, however, is hardly disputed: teachers’ lack of knowledge 
of the subject matter (Ball, 1990; NCTM, 1991; Wu, 1996; Ma, 1999; Kilpatrick et 
al., 2001; Milgram 2005).  Adages such as “you can’t teach what you don’t know” are 
commonplace, and though there is a limited amount of direct evidence supporting this 
claim, some research does exist (Hill, Rowan & Ball, 2005).  Most people who have 
spent time in schools know that a teacher’s grasp of the subject matter is a critical 




 But what does it mean exactly for a teacher to have a solid grasp of the subject
matter?  This review discusses competing notions and commonalities to this question 
from various stakeholders in the mathematics education research community.  In 
particular, the review discusses the formal and informal aspects of mathematics and 
how these conceptions of knowledge relate to the mathematical knowledge required 
for teaching.   
What is Mathematics? 
Before delving into a discussion about the types of mathematical knowledge 
required for teaching, it is important to clarify the term “mathematics.”  If one were to 
ask a typical adult to define the term, most of the answers would probably have 
something to do with numbers or calculations.  Common responses might include 
“it’s about numbers,” “it’s a way of quantifying things,” or “it’s about calculations 
and problem solving.”  These informal definitions, which focus on number and 
number calculations, though not incorrect, are incomplete.  The more formal 
definitions of mathematics, though far from uniform, extend well beyond the idea of 
number and number calculations: 
• Mathematics is the science of pattern and order.  (Kilpatrick et al., 2001) 
• Mathematics is a collection of abstract structures.  (Parsons, 1983) 
• Mathematics is the science of numbers and their operations, interrelations, 
combinations, generalizations, and abstractions and of space configurations 
and their structure, measurement, transformations, and generalizations. 
(Merriam-Webster, 2007)  
 
• Mathematics is [almost impossible to define]; so, realistically, the best we 
can do is discuss the most important characteristics:  precision (precise 
definitions of all terms, operations, and the properties of these operations) 




problems where all the terms are precisely defined and refer to a single 
universe where mathematics can be done). (Milgram, 2005) 
 
Formal definitions of mathematics tend to focus on the theoretical or abstract aspects 
of mathematics, such as a clearly defined structure of logic, the study of pattern and 
change, or a problem solving arena governed by precisely defined terms and 
interconnected properties.  Informal definitions tend to emphasize the appli d aspects 
of mathematics, such as calculations with numbers or approaches to solving 
problems.1  
  In truth, mathematics includes both theoretical and applied ideas, even though 
it is the applied aspects with which most people – including many math educators – 
are most familiar. This viewpoint is not surprising, since abstract ideas by nature are 
generally harder to grasp and less likely to be emphasized in U.S. schools.  Fr 
example, many adults probably could recall that in order to add two fractions, the 
denominators must be the same.  Some might even remember the exact procedure, 
but it is highly unlikely that many could explain why common denominators are 
needed for addition or how the rules for adding fractions are consistent with the rules 
for adding whole numbers.  Explaining why a procedure works or how one concept is 
embedded in another involves a level of theoretical knowledge rarely emphasized in 
the U.S. curriculum (Stigler and Hiebert, 1999; NRC, 2001).  In the previously 
mentioned NAEP item, if students knew that 7/8 and 2/3 were both “a little less than 
1” they easily would have been able to identify the correct answer “2.” Instead, th y 
chose other answers that could be found by misapplying fraction procedures, such as 
adding the denominators instead of finding a common denominator.  
                                                
1 Even Plato, who despised the empirical world, pointed out that mathematics was the most practical of 




 The distinction between the theoretical and applied aspects of mathematics is 
important because it frames the types of knowledge required for teaching.  In the
same way that a complete definition of mathematics includes both theoretical and 
applied ideas, a complete knowledge base for teaching includes both conceptual and 
procedural understanding.  Researchers and practitioners tend to agree that teachers 
must know not only how a procedure works, but they also must understand and be 
able to represent the concepts underlying procedures as well as how such concepts are 
related to one another (NCTM, 2000; Kilpatrick et al., 2001; Wu, 2005; Milgram 
2005).  Additionally, many experts think that teachers need to be able to apply their 
conceptual and procedural understanding to the classroom to make instruction more 
meaningful for students (Shulman, 1986; Ball, 1990; Ma, 1999; NCTM, 2000).   
Two Broad Types of Knowledge Required for Teaching 
 Conceptual and procedural knowledge fall under the umbrella of math content 
knowledge (MCK).  Teachers typically acquire MCK in formal educational settings, 
through activities such as reading textbooks, taking notes, observing teacher 
demonstrations, listening to teacher explanations, and completing practice problems.  
This type of knowledge is an important foundation for teachers.  In recent decades, 
however, a growing body of research suggests that math content knowledge is a 
necessary but perhaps insufficient knowledge base for effective teaching (Kilpatrick 
et al., 2001).  Teachers also need targeted mathematical knowledge about (1) how 
students conceptualize and operationalize mathematics, (2) how to identify the most 
common student approaches and errors associated with a given topic or concept, and 




understandings fall under the umbrella of pedagogical content knowledge (PCK), a 
term coined by Shulman (1986) two decades ago.  Figure 2 illustrates these two 
general types of knowledge required for effective teaching.  Given that both types of 
knowledge are associated with math content, they influence each other, as indicated 
by the double arrow.  MCK consists of procedural and conceptual dimensions, and 
the arrow indicates connections between procedures and concepts.  PCK consists of 
the knowledge about student misconceptions and multiple representations of 
concepts.  Like procedural and conceptual understanding, these dimensions of 
knowledge interact with each others as indicated by the double arrow.  The arrow 
from MCK to PCK indicates that these types of knowledge can inform the other.  The 
strength of teachers’ PCK is often dependent upon the strength of their MCK.  For 
example, it is difficult for a teacher to know how to handle a particular misconception 
if he or she doesn’t understand the math concepts underlying the misconception.  
Each of these components is examined more closely in the following sections. 
Figure 2.  Two Types of Mathematical Knowledge Required for Teaching 
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Mathematical Content Knowledge (MCK) 
 
 Although researchers do not always agree about which type of knowledge 
develops first and how both forms of knowledge interact with each other (Rittle-
Johnson, Siegler, & Alibali, 2001), procedural and conceptual knowledge are widely 
used to categorize the knowledge base for teaching (NCTM 2000; Kilpatrick et al., 
2001).  Procedural knowledge is the most common type of content knowledge 
exhibited by U.S. teachers (Stigler & Hiebert, 1999) and is elaborated upon in the 
next section. 
 Procedural knowledge.  A procedure is essentially a recipe for finding the 
answer to a problem.  Individuals with strong procedural skills are good at following 
and executing steps.  Although some conceptual understanding might be required to 
perform certain procedures, many procedures can be followed correctly with little to 
no understanding of the concepts underlying them.  To illustrate this point, a common 
procedure for adding two fractions with unlike denominators is to (1) find a common 
denominator by multiplying the denominators, (2) multiply each numerator by the 
other denominator, (3) add the numerators, (4) keep the common denominator, and 
(5) simplify the result.2  Little to no conceptual understanding is required to carry out 
this procedure.  For example, it is not necessary to understand that the numerator and 
denominator of a fraction represent the number and relative size of the parts into 
which the unit has been divided.  In the previously mentioned NAEP problem, many 
of the distracter answer choices were aberrations of these procedures. 
                                                





1 =+ because 1) common denominator is 15 (3x5), 2) 1x5 = 5 & 2x3 = 6, (3) 
5+6=11, 4) keep 15 as the denominator, and 5) 15





 Opinions differ on the importance of procedural knowledge to effective 
teaching.  These differences generally fall into two camps.3  In one camp are the 
“reformers,” who argue that the U.S. curriculum and teacher practices are too 
procedurally focused.  The National Council of Teachers of Mathematics (NCTM) is 
generally credited for initiating the math education reform movement in the 1990’s 
with the publication of two influential documents, Curriculum and Evaluation 
Standards for School Mathematics (1989) and Professional Standards for Teaching 
Mathematics (1991).  NCTM argued in these two publications that new technologies 
and new demands in the global marketplace required major changes to what and how 
mathematics should be taught.  Business leaders “no longer seek workers with strong 
backs, clever hands, and shopkeeper arithmetic skills;” instead they seek employees 
that understand complex technologies, ask good questions, assimilate novel 
information and work cooperatively to solve challenging problems (NCTM, 1989, 
p.3).  To meet these new goals the U.S. would have to make dramatic changes to its 
math curricula and its approaches to teacher preparation and professional 
development.  Teachers would need new curricula and supporting professional 
development opportunities that focused more on problem solving and critical thinking 
and less on procedures and algorithms.  According to the NCTM authors, when 
procedures and algorithms were presented to students, they needed to be connected 
                                                
3 In this paper, I will use “reformers” to describe th  mathematicians and mathematics educators who 
generally support the principles of the NCTM standards and/or the National Science Foundation (NSF) 
sponsored curricula and professional development in the 1990s.  Some of the reformers are formally 
trained mathematicians, while others have degrees in mathematics education or other fields.  Most 
teach in university education departments rather than e math department.  When I refer to the 
“mathematicians,” I refer to the subset of formally trained mathematicians who have taken an interest 
in K-12 education but still teach primarily in university math departments.  There are several 
prominent university mathematicians – Hung-His Wu, James Milgram, Jim Lewis, Richard Askey, 
Wilfren Schmid – who are very involved in K-12 education, but Wu and Milgram have written the 




explicitly to underlying concepts and represented in multiple ways that were 
meaningful to students (NCTM, 1991).  These calls for change represented huge 
shifts in how math teachers were trained and how instruction was typically delivered. 
 In the other camp is a subset of university mathematicians with a strong 
interest in K-12 education.  These mathematicians reacted very strongly against the 
NCTM standards because they thought the standards deemphasized the use of precise 
mathematical language and terminology, overemphasized open-ended problems and 
problem solving approaches, and discounted the importance of learning established 
procedures and algorithms.  James Milgram, one of the most vocal mathematician 
critics, argued that many of the standard algorithms in basic arithmetic – which many 
of the math reformers were trying to deemphasize or alter to make them more 
student-friendly – were critical to success in subsequent mathematics courses.  For 
example, Milgram (1999) argued that the long division algorithm – which proponents 
of the NCTM standards said should be deemphasized because it did not promote 
students’ conceptual understanding of division – was critical to success in secondary 
mathematics.  He argued that instead of throwing out or deemphasizing the procedure 
because it could be done with a calculator, teachers should teach it and explain why 
students would need it in subsequent math courses.4  
 Despite differing with mathematicians such as Milgram regarding the 
importance of procedural understanding to sound instruction, supporters of the 
NCTM standards were in no way suggesting that procedures be thrown out 
completely.  Perhaps teaching had become too procedurally driven, but it was still 
                                                
4 Milgram argued that they would need the long division algorithm in order to (1) understand 
terminating and repeating decimals in middle school and (2) manipulate and factor polynomials in high 




fundamental for teachers to have strong basic skills and to become fluent with 
procedures (NCTM, 1989; Ball, 1990; NCTM 1991).   
 Studies conducted in the late 1980s and 1990s showed that U.S. math teachers 
generally had strong procedural skills (Graeber, Tirosh & Glover, 1989; Ball, 1990; 
Ma, 1999), although differences across math topics and differences between teachers 
in other countries were evident.  Hardly any of the 250 preservice elementary teachers 
in Ball’s (1990) study had difficulty carrying out a variety of procedures for 
operations with fractions, but they struggled significantly when asked to explain why 
a procedure worked or create a story problem that accurately reflected the procedure.  
Liping Ma (1999) also found that most of the U.S. elementary teachers in her study 
could execute procedures fairly well, except for some of the more difficult 
procedures, such as dividing mixed numbers.  About half of the U.S. teachers – 
teachers who said math was their strength and who were assumed to be “above 
average” based on experience and reputation – could not accurately compute a 
fraction division problem.  In contrast, none of the 72 Chinese math teachers in her 
comparative study – teachers who on average had much less formal schooling than 
the U.S. cohort – incorrectly answered the same fraction division problem.  This 
finding suggests that teachers’ level of procedural knowledge varies with the 
complexity of the procedure.  The division algorithm is more complicated than other 
procedures because it involves multiple steps.  The problem Ma used, 2
1
4
31 ÷ , 
involves (1) converting the mixed number to an improper fraction, (2) changing the ÷  
to a × , (3) finding the reciprocal of 2




 The 1999 TIMSS video study, which included large national probability 
samples of 8th grade teachers in the U.S., Japan and Germany, also captured varying 
levels of teachers’ procedural understanding, but through the lens of instructional 
practice.  The TIMSS researchers found distinct patterns of instruction acrss the 
three countries and came up with a motto to describe each teaching style. The motto 
they used to describe U.S. teachers in the sample was “learning terms and practicing 
procedures” (Stigler & Hiebert, 1999, p. 41).  In contrast to Japanese and German 
teachers, U.S. teachers tended to present definitions and demonstrate procedures for 
specific problems or topics.  The German teachers, who also placed an emphasis on 
following established procedures, tended to provide the rationale for procedures and 
often explained how procedures could be extended to solve more general classes of 
problems.  The motto they used to describe the German teachers was “developing 
advanced procedures,” since they tended to use multi-step procedures and provide 
rationales (Stigler & Hiebert, 1999, p. 27).   
The Japanese teachers tended to place much less emphasis on established 
procedures and even encouraged students to generate their own procedures and 
algorithms.  They tended to assign fewer problems, but the problems they assigned 
tended to bevery demanding both procedurally and conceptually.  The motto the 
TIMSS researchers assigned to Japanese teachers was “structured problem solving,” 
which many of the NCTM reformers argued was actually similar to the instructional 
model espoused by the NCTM standards (Stigler & Hiebert, 1999, p. 36).  
 Teachers’ procedural fluency, then, is not a monolithic construct.  Figure 3 




Basic procedural knowledge is represented as a rectangle; advanced procedural 
knowledge is depicted as a series of narrower rectangles, since this type of knowledge 
often involves extending and combining basic procedures.  The multi-step algorithm 
for dividing mixed numbers in Ma’s (1999) book is an example of advanced 
procedural knowledge.  
Figure 3.  Two Types of Procedural Knowledge 
 
The basic facts and definitions that undergird both types of procedural 
knowledge include basic terminology that is necessary to carry out procedures.  Fo 
example, prior to knowing how to carry out the steps involved in dividing mixed 
numbers, teachers need to know terms like numerator, denominator, mixed number 
and reciprocal.  Other examples include basic addition, subtraction, multiplication 
and division facts.  When a teacher can explain what a term means – e.g., the 
denominator of a fraction represents the relative size of the parts of the whole – te 
teacher is exhibiting conceptual understanding.  
In summary, procedural knowledge is the most basic and typical type of 
content knowledge U.S. teachers exhibit and, consequently, the type of knowledge 
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that is most likely to influence their instructional routines.  While t policymakers are 
concerned about U.S. teachers’ level of procedural understanding, they are more 
concerned about teachers’ conceptual understanding, which is elaborated upon in the 
next section. 
 Conceptual knowledge.  Behind every mathematical procedure is a concept or 
set of concepts.  Returning to our previous example, the procedure for adding 
fractions with like denominators rests on the concept of addition.  In primary grades, 
children learn about the concept of addition by combining concrete, like objects (e.g., 
two cookies plus two cookies equals four cookies). When students encounter fraction 
addition problems in upper elementary school, however, many lose site of the notion 
of adding “like things” (1/4 of a cookie plus ¾ of a cookie can be combined because 
fourths are like units).  They lose site of the concept because teachers tend to focus 
more on the series of steps required to generate the correct answer than the conceptual 
rationale behind the steps.  The findings from the TIMSS study suggest that few U.S. 
teachers provide students with a rationale for why procedures work or make other 
instructional decisions that promote conceptual understanding.  Probably the primary 
reason U.S. teachers avoid mathematical concepts during instruction is because they 
lack a strong conceptual understanding of the topics they teach (Ma, 1999; Ball, 
Phelps, & Thames, 2006).  This deficit is why both the reformers and mathematicians 
(and essentially everyone in between) place a strong emphasis on improving teachers’ 
understanding of the concepts and connections between concepts and procedures.   
On the reform side, NCTM’s (1991) Professional Standards for Teaching 




knowledge of (1) mathematical concepts and procedures and the connections among 
them, (2) multiple representations of concepts and procedures, and (3) ways to reason 
mathematically, solve problems, and communicate mathematics effectively at 
different levels of formality.  NCTM’s (2000) Principles for School Mathematics 
called for teachers to “know and understand deeply the mathematics they are 
teaching” and to “understand the big ideas of mathematics and be able to represent 
mathematics as a coherent and connected enterprise” (p. 373).  The NCTM authors 
argued that the traditional teaching approaches and curricula portrayed mathematics 
as a narrow set of facts to be memorized (and soon forgotten) rather than a coherent 
and potentially powerful system of logic.  Students needed teachers who had a deep 
understanding of the mathematics they taught and were able to represent conc pts in 
multiple, meaningful ways.  The previous example about adding fractions could be 
extended to illustrate this point. A teacher with a solid conceptual understanding of 
this topic would be able to explain why like denominators were necessary for addition 
– the concept of adding “like things” – and also be able to use a number line, pie chart 
or other representations to illustrate the concept of “likeness.”   
Leading mathematicians Milgram and Wu also argued that traditional 
teachers’ understanding of the content and approaches to instruction fell well short of 
what students deserved.  Wu (1996) points to the abysmal student test scores and high 
drop out rates in K-12 math classes during the 1970s and 80s – the two decades 
before the NCTM reform movement which was characterized by traditional curricula 
and teaching approaches – as evidence that a superficial approach to mathematics 




that deals with “the basic questions of why something is true and why something is 
important” (Wu, 1996, p. 4).  For this type of curriculum to be delivered effectively, 
teachers must have a solid grasp on these basic why questions, which often are 
avoided or underemphasized in typical teacher preparation programs and professional 
development opportunities. 
While both the mathematicians and the reformers advocate improving 
teachers’ conceptual knowledge, they do not agree on all aspects of this domain.  The 
reformers emphasize teachers’ ability to represent concepts in student-friendly ways 
and take a more pragmatic view of teachers’ conceptual understanding.  They 
contend that teachers need to understand how mathematical concepts are related and 
how they can be represented in order to help more students become successful in 
school mathematics.   The mathematicians focus on teachers’ understanding of the 
underlying structure of mathematics, which includes precise definitions and 
properties and formal proofs, and, therefore, have a more formal view of teachers’ 
conceptual understanding.  According to Wu, precise definitions, symbolic 
computations and exact answers are defining characteristics of mathematics as a 
discipline and yet characteristics that he believes the reformers downplay or dismiss 
entirely.  He describes the pragmatic approach of reformers as wrongly favoring 
“process over product,” and relying too heavily on heuristic arguments rather than 
formal proofs and proper technique (Wu, 1996, p. 7). 
Wu points to the following problem in NCTM’s (1991) Professional 
Standards for Teaching Mathematics to illustrate how differently the two camps 




without a single foul shot, how were the 30 points scored?” (Basketball has 2 and 3 
point shots.)  He argues that although this problem requires students to find the 
number of possible of combinations without resorting to a teacher imposed algorithm, 
it is imprecisely and therefore improperly posed.  Instead of having students generate 
a list of outcomes that likely will include some students listing all the 2-point 
combinations, others listing all the 3-points combinations, and others listing both the 
2 and 3-point combinations, it would have been better (and truer to the discipline) to 
pose the question precisely as “List all the possible ways the 30 points were scored,” 
or to use the imprecisely posed question as an opportunity to illustrate how such a 
problem can be translated into a mathematically precise statement.  While the 
reformers see an imprecisely posed question as an opportunity to gauge student 
understanding of and approaches to a particular concept, the mathematicians view 
such as prompt as blatantly contradicting the foundational principle of precision.  
 Despite these distinctions between formal and pragmatic conceptual 
understanding, both the mathematicians and the reformers depict conceptual 
understanding as a hierarchical process rather than knowledge teachers either simply 
have or don’t have.  Teachers possess varying degrees of understanding of concepts, 
since mathematical ideas rest on a series of supporting and interconnected concepts 
(Figure 4).  Teachers with deeper levels of conceptual understanding of a topicre 
located at progressively lower bands of each trapezoid.  For example, a teacher with 
an extremely deep formal conceptual understanding of a topic would be located in the 
bottom band of the trapezoid to indicate that the teacher grasps the foundational 




Figure 4.  Two Interpretations of Conceptual Knowledge5 
 
The National Research Council’s Adding It Up (2001) outlined a knowledge 
base encompassing both the pragmatic and formal aspects of conceptual 
understanding.  According to its authors, which included math educators and 
mathematicians, K-8 mathematics teachers should possess a knowledge base that 
includes: 
Knowledge of mathematical facts, concepts, procedures, and the 
relationships among them; knowledge of the ways that mathematical 
ideas can be represented; and knowledge of mathematics as a discipline 
– in particular, how mathematical knowledge is produced, the nature of 
discourse in mathematics, and the norms and standards of evidence and 
proof…Teachers certainly need to be able to understand concepts 
correctly and perform procedures accurately, but they must also be able 
to understand the conceptual foundations of that knowledge. (Kilpatrick 
et al., 2001, p.371) 
 
This description includes pragmatic aspects of conceptual knowledge, such as 
representing mathematical ideas and connecting concepts and procedures.  It also 
                                                
5 I borrowed part of this conceptual model from Liping Ma’s (1999) description of Profound 
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addresses formal aspects of conceptual knowledge, such as knowing how 
mathematical knowledge is produced and the role of proofs in verifying such 
knowledge. 
Both the mathematicians and the reformers advocate improving teacher 
conceptual understanding because they believe it will improve the quality of 
instruction.  Without a deep understanding of the concepts they teach – whether that 
understanding is more formal or pragmatic – teachers will be ill-equipped to help 
students overcome the various misconceptions they bring to the classroom.  How 
teachers’ conceptual knowledge connects to the instruction is part of the other broad 
category of teachers’ content knowledge, pedagogical content knowledge. 
Pedagogical Content Knowledge 
 The second broad category of teacher content knowledge is pedagogical 
content knowledge (PCK), a construct introduced by AERA president Lee Shulman 
during his 1985 inaugural address.  Shulman argued that teacher preparation 
programs and teacher evaluation systems placed too little emphasis on teachers’ 
content knowledge.  Instead, these systems were based on non-content aims such as 
lesson planning, classroom management, cultural awareness and evaluation.  
Although Shulman did not discount the importance of these aspects in teacher 
preparation, he believed that the lack of attention to content knowledge represented a 
significant “blind spot” in the academy.  Shulman and his colleagues – as well as 
other groups of researchers from the University of Pittsburgh and Michigan State 
University – believed that a new theoretical framework was needed to capture what 




Shulman’s (1986) research focused on classifying the domains of content 
knowledge, understanding how content and general pedagogical knowledge are 
related, and identifying the most promising ways of enhancing the acquisition and 
development of the types of teacher content knowledge most relevant to teaching.  
One of the key outcomes of Shulman’s (1986) research was a new theoretical 
framework that included the domain of pedagogical content knowledge (PCK),6 
which he described broadly as the type of content knowledge required to teach a topic 
well.  More specifically, PCK encompassed the most commonly taught topics within
a given subject area, the most intuitive representations of those concepts, and the 
most powerful explanations and demonstrations – “in a word, the ways of 
representing and formulating the subject that make it comprehensible to 
others”(Shulman, 1986, p. 9).  PCK also contained knowledge of what made 
particular topics easier or harder for students to understand, including students’ most 
common conceptions and most persistent misconceptions. 
The construct of PCK resonated deeply in the mathematics education research 
community and spurred a number of studies in the late 1980s and 1990s.  Post, Harel, 
Behr and Lesh (1988) found that in addition to lacking basic content knowledge, the 
majority of the grade 4-6 teachers in their sample could not explain the problems they 
solved correctly in a “pedagogically acceptable manner,” i.e., a manner that included 
a clear and correct explanation and an awareness of how and when to assist students
when they are confused.  In a study of prospective elementary and secondary 
                                                
6 Shulman presented three types of teacher content knowledge:  content knowledge, pedagogical 
content knowledge and curricular knowledge.  Content knowledge refers to what is described as MCK 
in this paper.  Curricular knowledge did not have th  same impact as pedagogical content knowledge, 
which quickly resonated and became a central component of many subsequent research studies, and 




teachers’ understanding of division, Ball (1990) showed that although most of the 
teachers in her sample could calculate 2
1
4
31 ÷   correctly, few could explain the 
underlying meaning or generate a student-intuitive representation of the problem, 
both of which are key aspects of PCK.  She used the phrase “rule bound and thin” to 
describe pre-service teachers’ understanding of division.  Graeber, Tirosch and 
Glover (1989) used similar language – “rigid and segmented” – to describe 
prospective elementary teachers’ knowledge of rational numbers topics and argue 
that it was essential to increase teachers’ familiarity with common repres ntations of 
rational number topics and increase their understanding of the rationales behind 
common procedures. 
Student misconceptions.  Being able to identify, anticipate and debug the most 
common student misconceptions for a given math topic or concept is an important 
component of PCK (NCTM, 1989; 1991; 2000; Kilpatrick et al., 2001).  Though the 
level of this type of knowledge is often commensurate with experience – i.e., the 
more exposure a teacher has to students’ work and approaches, the more specific 
misconceptions the teacher will know about and the more ways the teacher will have 
tried to resolve the misconception – teachers also can learn about student 
misconceptions through written activities in coursework or professional development 
activities.  For example, examining student work is a common activity in teacher 
professional development in many subject areas.  Being able to identify and debug 
student misconceptions requires strong conceptual understanding of the material 




Multiple representations of concepts.  Another core aspect of PCK is the 
teacher’s ability to represent a single concept in multiple ways.  For example, suppose 
a group of students is struggling with the meaning of denominator during a lesson on 
fractions.  The teacher with strong PCK is able to represent denominator in a number 
of ways, such as a number line or an area model in addition to the classic pie or circle 
model.  Like identifying and debugging student misconceptions, being able to 
represent concepts in multiple ways requires a strong understanding of the relevant 
mathematical concepts and how mathematical concepts relate to each other.  The 
research and professional organizations describe multiple representations of c cepts 
as a core aspect of mathematics PCK (Kilpatrick et al., 2001; NCTM, 1989; 1991; 
2000). 
Further clarification of PCK.  Although PCK has become a household term in 
the education research community and spurred a variety of studies, some researcher  
believe that the term needs to be further refined in order for its impact to be 
maximized.  Ball, Phelps and Thames (2006) suggest that PCK – although a useful 
construct – could be better utilized if it were broken into two sub-domains, 
knowledge of students and knowledge of teaching.  Knowledge of students refers to 
knowledge of the most common approaches, conceptions and misconceptions that 
students bring to particular topics or concepts.  Knowledge of teaching refers to the 
most intuitive representations and explanations to be used with students to make 
particular concepts meaningful to students.  Although these two types of knowledge 
can interact with each other – e.g., a teacher identifies a student misconception in a 




misconception – such interactions do not always occur.  For example, a teacher might 
be able to recognize a particular misconception but not know the  representation that 
could be used to help the student clarify the misconception.  
 As the Ball et al. (2006) paper suggests, PCK and pragmatic conceptual 
knowledge overlap.  For example, both deal with student friendly representations and 
teachers’ flexible understanding of math concepts.  They differ in that PCK is driven 
more heavily by experiences in the classroom.  The teacher with highly develop d 
PCK in a particular topic most likely has developed that knowledge by extensive 
analyses of student work and interactions with students.  Although the border 
between PCK and Specialized Content Knowledge might still seem blurred, both 
categories point to a similar problem:  until teachers’ knowledge of the subjects th y 
teach becomes more conceptually deep and pedagogically flexible, student 
achievement will continue to lag.   
 Mathematics content focus of the larger study.  The PD Math study had a dual 
emphasis on building teachers’ conceptual knowledge and pedagogical content 
knowledge.  The model addressed teachers’ conceptual knowledge of core rational 
number content by including workshop activities and resource materials that focused 
on improving the precision of definitions and math language of rational number 
concepts, making connections among rational number topics and concepts, and 
providing the rationales behind common rational number procedures.  The model 
addressed teachers’ pedagogical content knowledge by including activities and 
resources that focused on looking at student work in light of related misconceptions 




What Are the Characteristics of Promising Professional Development Models? 
 
Given the documented deficits in teachers’ content and pedagogical content 
knowledge and given that a replacement pool of well qualified math teachers does not 
exist (Ingersoll, 1999 & 2001; Darling-Hammond & Sykes, 2003), policymakers 
increasingly are looking toward professional development as a critical means to help 
existing teachers boost their knowledge and improve their instructional practices.  
Professional development has been identified as an important policy tool or “policy 
pathway” to professionalize teaching and ultimately improve the quality of teaching 
and learning (Knapp, 2003).  Yet, research rarely links professional development with 
gains in student achievement (Yoon et al., 2007).  The professional development 
literature, however, does identify specific features of professional developm nt 
models that are deemed to be more promising or effective (Hawley & Valli, 1999; 
Garet et al., 2001).  Since professional development is a broad term that encompasses 
a variety of structures and delivery types, it is useful to frame a discussion about the 
more effective types of professional development around a few, core structural 
dimensions that apply to most, if not all, professional development models.  These 
dimensions include the source, focus, organization and duration of the professional 
development model or activity.  Figure 5 illustrates each of these four dimensions as 
pillars upon which professional development models rest.  Each is described more 











The source or impetus for a professional development activity can arise from 
a number of places.  A teacher might seek out additional support for a particular 
aspect of teaching, such as in-depth study of particular subject matter content, a d 
then attend a relevant workshop at a conference.  In this case, the teacher initiat d the 
professional development based on a self-assessment of teaching practice.  On th  
other hand, a school or district might decide that teachers need targeted professional 
development in some area, and then mandate that teachers participate in a relevant 
district-sponsored professional development activity.  Thus, professional 
development can either be voluntary or involuntary, although sometimes the 
distinction can be blurred.  In general, though, professional development activities 
can be described as more or less teacher-initiated, which is an important distinc ion to 
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In their review of the literature on effective types of professional 
development, Hawley and Valli (1999) suggest that effective professional 
development programs, to the greatest extent possible, involve teachers in the 
identification and development of what they need to learn and how they can learn it.  
Involving teachers directly in this way increases their sense of ownership and the 
amount of motivation and effort they bring to each learning situation.  Further, 
according to the authors, when teachers take more ownership of what they are 
learning, the learning is more likely to be linked to instruction and more likely to 
promote collaboration with colleagues who struggle with the same issues.  Teachers 
are likely to dismiss professional development that is imposed from outside experts 
who do not pay careful attention to their daily work.  In these instances, professional 
development has little chance of influencing what teachers know and do. 
Hawley and Valli (1999) also indicate that Alexander and Murphy’s (1998) 
five learner-centered principles have implications related to the source f professional 
development programs.  Alexander and Murphy’s (1998) motivation principal says 
that “intrinsic motivation, attributes for learning, along with personal goals, along 
with the motivational characteristics of the learning tasks, play a significant role in 
the learning process” (as quoted in Hawley and Valli, 1999, p.133).  Teachers’ beliefs
play a lesser role in professional development activities that they initiate; but, when 
the source of the professional development activity is external, teachers’ beliefs about 
the program can influence dramatically the degree of teacher learning.  Reform 
mathematics programs, which emphasize conceptual understanding over rote 




approach to teaching is invalid.  Thus, professional development as a policy for 
change can encounter stiff resistance during implementation.  Cohen, Moffitt and 
Goldin (2007) argue that the “further policy departs from extant practice, the more 
likely is conflict” (p.80).  Teachers’ beliefs and attitudes about the nature of the 
professional development, particularly when it is imposed from the outside, figure 
heavily into how much the intervention influences practice. 
In her discussion of professional development in the context of reform 
initiatives, which, like the core aspects of the PD Math professional development 
model, require significant shifts in what teachers know and how they normally 
operate, Little (1993) identifies six principles of professional development that “stand 
up to the complexity” (p.138) of educational reforms, and aspects of these principles 
address the source of the professional development activity.  Her first principle 
suggests that professional development should be meaningful to teachers both 
intellectually and socially.  In contrast to the shallow, fragmented learning 
opportunities teachers often receive, learning opportunities should be available that 
require teachers to be actively involved in deepening their understanding of the 
content through access to and collaboration with experts in the field.   
Little (1993) also says that professional development should encourage and 
provide opportunities for “informed dissent.”  Given the difficulty of achieving 
consensus or only achieving it superficially when reform initiatives are being 
implemented, she suggests incorporating into professional development models time 
and support for developing “well-informed dissent.”  Such dissent ultimately can 




centered learning by stating that professional development should prepare teachers to 
“employ the techniques and perspectives of inquiry” (Little, 1993, p.139).  She argues 
that professional learning opportunities should promote teachers’ generating and 
assessing their own knowledge rather than rely on consuming external knowledge. 
Though the importance of teachers initiating and engaging in professional 
learning opportunities seems clear, studies also show that teacher learning c  be 
enhanced when teachers collaborate with and draw upon the knowledge of outside 
experts.  A good example of such a professional development model, one that utilizes 
the expertise of researchers and outside content experts but also incorporates 
teachers’ interests and daily work, is the widely studied Cognitively Guided 
Instruction (CGI) program.  CGI is one of the few professional development 
programs that met stringent What Works Clearinghouse (WWC) standards of 
evidence and showed an impact on student achievement (Yoon et al., 2007).7
    The CGI researchers developed a knowledge framework around students’ 
thinking in several different mathematical content areas.  The framework included 
key problems and common student approaches to the problems for each content area.  
Instead of presenting a rigid framework that teachers were expected to follow,
though, the CGI researchers developed and implemented a framework that teachers 
                                                
7 The What Works Clearinghouse  (WWC) standards of evidence include: (1) Topic – The study had to 
deal with the effects of in-service teacher professional development on student achievement; (2) 
Population – The sample had to include teachers of English, mathematics, or science and their K-12 
students; (3) Study Design – The review of evidence was limited to final manuscripts that were based 
on empirical studies using randomized controlled trials or quasi-experimental designs, as defined by 
the WWC study design classification; (4) Outcome – The study had to measure student achievement 
outcomes; (5) Outcome – The study had to use measurs demonstrated to be valid and reliable; (6) 
Time – The study had to be conducted between 1986 and 2006; (7) Country – The study had to take 
place in the U.S., Canada, Australia, or the United Kingdom, due to concerns about the external 




could mold to meet the specific instructional challenges of their students. As Franke 
and Kazemi (2001) put it: 
The frameworks provided teachers the opportunity to understand how 
this knowledge about the development of children’s thinking fits 
together so that the teachers could make it their own.  The teachers 
discuss CGI as a philosophy, a way of thinking about the teaching and 
learning of mathematics, not as a recipe, a prescription or a limited set 
of knowledge (p.102). 
 
The model was designed carefully by outside researchers who identified the 
most salient student misconceptions for each content area.  At the same time, 
the CGI model was structured flexibly so that teachers could “make it their 
own.”  Thus, the source of the CGI model was part outside expert-driven and 
part teacher-driven. 
 These studies suggest that effective professional development models provide 
opportunities for teachers to take ownership of their learning and to engage in 
sustained, active inquiry.  Outside experts are certainly important to facilitating 
teacher learning (Hawley & Valli, 1999).  But a key factor shaping the succe s of 
professional development is the extent to which teachers buy into and build upon the 
core aspects of the model.      
Focus 
 
 The focus of a professional development activity varies across activities and 
models.  One might focus on deepening teachers’ understanding of the subject matter; 
another might emphasize pedagogical skills; and another might focus on aligning 
teaching practices with district standards and assessments.  For example, in response 




school math department might decide to offer content focused professional 
development in foundational Algebra I content.  In contrast to content-focused 
professional development, professional development activities focused on classroom 
management techniques might be assigned to a group of new teachers.  The focus of 
the activity, then, is another distinguishing characteristic of any professional 
development activity or model. 
Professional development activities that focus on deepening teachers’ content 
and/or pedagogical content knowledge are thought to be more effective than other 
models.  For example, Cohen and Hill (1998) conducted a study of mathematics 
teachers in California and found that student achievement was higher in schools 
where teachers had participated in extensive, content-focused professional 
development.  Garet et al. (2001), utilizing a national probability sample of over 1000 
math and science teachers, came to a similar conclusion.  They found that content- 
focused professional development had a significant positive direct effect on teacher 
self-reported knowledge and skills and a significant positive indirect effect on 
changes in teacher practice.  These findings are consistent with Kennedy’s (1998) 
review of studies that linked various types of professional development to student 
achievement.  She found that content and pedagogical content-focused professional 
development had larger positive effects on student achievement – particularly on 
students’ conceptual understanding – than more general types of professional 
development.   
Garet et al. (2001) also found that professional development activities that 




curricula or standards – had a direct positive effect on changes in teacher skills and 
practice.  The researchers created an index that included whether the professional 
development was connected to information that teachers learned previously, aligned 
with state and district standards and assessments, and involved teachers in 
professional communication with other teachers and administrators.  Hawley and 
Valli (1999) make a similar claim about coherence by stating that professi nal 
development should be driven by analyses of student achievement in relation to 
curriculum standards and benchmark assessments.  
 Publications by the National Council of Teachers of Mathematics (NCTM 
1989; 1991; 2000) and the National Research Council (2001) also highlight the 
importance of content and pedagogical content focused professional development 
activities.  Both organizations recommend sustained, intensive professional learning 
opportunities for teachers in these areas.  In her case study comparing U.S. and 
Chinese elementary math teachers’ knowledge, Ma (1999) documents how 
differences in teachers’ subject area and pedagogical content knowledge impact the 
quality of teaching and learning.  Her comparative case study showed that Chinese 
teachers were able to identify and articulate core math concepts and connect the 
concepts to student work, while U.S. teachers could not. 
These studies suggest that professional development models that focus on 
building teachers’ content or pedagogical content knowledge are promising in terms 
of promoting teacher learning that can improve the quality of instruction.  However, 
we know from a recent report that included a nationally representative sample of 




24 hours per year on professional development focused in math (Birman et al., 2007).  
The literature also suggests that when the professional development is coherent with 




The organization of the professional development can take many forms.  The 
activity or model might be formal or informal, individual or group-based, classroom-
based or a traditional workshop.  For example, many teachers in Japan participate in 
lesson study groups that meet regularly over the course of a school year to focus n 
improving a lesson or series of interconnected lessons (Stigler & Hiebert, 1999).  
Since teachers meet together regularly with a clear set of goals, the organization is 
formal and group-based.  Since they bring examples of student work and sometimes 
observe each other teaching, lesson study is also classroom-based.  This type of 
professional development activity is in contrast to a one-time workshop where 
teachers, at most, bring back to the classroom a few, isolated activities.  Att nding a 
workshop tends to be a formal, individualized learning opportunity for teachers that 
may or may not be classroom based.  An example of an informal learning situation 
would be if a group of teachers decided to meet to discuss some aspect teaching.  
These examples illustrate that the organization of the professional development 
activity can take many forms. 
The literature contains considerable support for professional development 
models that promote collective and collegial participation among teachers.  Ga et et 




features of coherence and active learning.  They defined collective participation as 
group participation in professional development, such as participation by a 
department or grade-level group of teachers.  Talbert and McLaughlin (1994) found 
that teacher participation in active learning communities enhanced professional 
knowledge and overall professionalism.  Little (1993) argued that teachers should 
have regular opportunities to engage intellectually with colleagues both inside and 
outside of teaching.  Thus, teacher learning communities should include not only 
teachers within a department or within a school, but also content experts and 
university researchers who are capable of infusing the learning communities with 
relevant professional knowledge.  
Cochran-Smith and Lytle (1999), in their literature review on teachers’ 
acquisition of professional knowledge in learning communities, argue that collegial 
learning opportunities are more productive when teachers participate as active 
inquirers in the learning community.  This finding incorporates the promise of 
collegial learning with the earlier recommendation regarding the source of the 
professional development:  that teacher-initiated learning activities and opportunities 
for active inquiry are thought to be productive.   
Despite the promise of collegial learning opportunities, Elmore and colleagues 
(1996) caution that changing the structure of teachers work – such as creating sm ll 
learning communities – won’t automatically promote improvements in teacher 
learning, particularly in mathematics.  In their case study research, they found 
instances where creating opportunities for cooperative learning had only modest 




practice in these instances included “teachers’ deep-seated ideas about content and 
pedagogy and their limited access to experiences and external contacts that would 
help them develop alternative conceptions of knowledge and pedagogy” (Elmore et 
al., 1996, p.137).  Thus, teacher beliefs about the underlying philosophy of the 
professional development coupled with access to outside experts can impact the 
extent to which the professional learning community impacts teacher learning.  
Nevertheless, collegial learning opportunities are thought to be more promising than 
isolated ones.  
Duration 
 
Like the previously discussed dimensions, the duration of professional 
development can vary widely across activities or models.  A district might offer a 
series of connected workshops that span one or two academic years rather than a one-
time workshop.  A teacher might take an intensive, three-week university course 
during the summer while another teacher takes the semester-long version of the 
course.  Thus, duration and intensity are important characteristics to consider when 
describing professional development. 
Garet et al. (2001) defined duration as including both the total number of 
teacher contact hours and the time span of the professional development.  The 
researchers found that both dimensions of duration had substantial positive direct 
effects on active learning and coherence and modest positive effects on content focus.  
This finding suggests that both ”how much” and “how long” are important 
characteristics of professional development. In Yoon et al.’s (2007) meta-analysis of 




development models that showed gains in student achievement averaged about 70 
hours of professional development for one year. 
Wu (2005) argues that content-focused professional development for 
mathematics teachers requires a great deal of time and commitment.  His content-
focused courses include a 3-week summer institute and 5 follow up seminars spread 
throughout the school year.  This structure highlights the importance of intensity and 
duration to Wu’s approach to enhancing teachers’ acquisition of professional 
knowledge.  Professional organizations, such as the National Council of Teachers of 
Mathematics and the National Research Council also point to the importance of 
intensive, sustained teacher learning opportunities.  For example, NCTM (1991; 
2000) says that teachers should be provided with regular, ongoing opportunities to 
reflect on student learning with colleagues, participate in professional organizatio s 
and even design and evaluate professional development opportunities.  Thus, the 
evidence is overwhelmingly against one-shot or short-term professional development 
opportunities and overwhelmingly in favor of intensive, sustained professional 
learning opportunities. 
Recent Syntheses of the Literature and Professional Recommendations 
 
Given the emerging consensus regarding the importance of professional 
development to improving the quality of teaching and learning and given the 
perception that much of the professional development currently available to teachers 
is ineffective or misguided, a number of scholars have synthesized the literature on 
the effectiveness of professional development.  These syntheses have identified 




even though very few rigorous impact studies have been conducted that show which 
attributes matter most.  Hawley and Valli (1999), drawing upon the previous decade 
of research, outlined eight design principles for effective professional developm nt.  
Principle one refers to student performance relative to standards for student learni g.  
They suggest that effective professional development programs focus on the 
differences between the goals or standards for student learning and students’ actual 
performance.  This approach is especially important when professional development 
is targeted to students with historically lower levels of achievement.  Such a “student 
centered” focus, though seemingly obvious, was not the norm in professional 
development at that time.  NCLB’s requirement that all groups of students show 
adequately yearly progress on standards-based assessments indicates that this 
recommendation continues to be, or perhaps is even more, relevant today. 
 Hawley and Valli’s (1999) second principle refers to the level of teacher 
involvement in the development of professional development learning opportunities.  
Effective professional development programs, to the greatest extent possible, involve
teachers in the identification and development of what they need to learn and how to 
learn it.  Involving teachers directly in this way increases their sense of ownership 
and the amount of motivation and effort they bring to each learning situation.  
Further, according to the authors, when teachers take more ownership for what they 
are learning, the learning is more likely to be linked to instruction and more likely to 
promote collaboration with colleagues who struggle with the same issues.  




careful attention to teachers’ daily work is likely to be dismissed by teachers and has 
little chance of influencing what teachers know and do. 
 Principle three is that effective professional development should be mainly 
school based and linked to teachers’ daily work.  The logic behind this principle is 
that teachers are more likely to be motivated to solve “job embedded” problems, 
which are more pressing and authentic than other type of problems.  Ideally, school 
based professional development includes groups of teachers continuously 
collaborating to improve the quality of teaching and learning. 
  Principle four builds on the idea of teacher collaboration and refers to the 
extent to which professional development is organized around collaborative problem 
solving.  Collaborative problem solving includes activities such as interdisciplinary 
planning and study groups, where teachers bring their individual expertise to solve a 
joint problem.  When teachers collaborate in this way, a culture of professional 
respect replaces the teachers’ sense of isolation.  
 Principle five is that professional learning experiences should be continuous 
and supported, as opposed to episodic and isolated.  Continuous and supported 
professional development is necessary, in part, because many of the reform efforts are 
complex and require teachers to understand the subject matter deeply so they can 
teach in ways that promote student understanding (see NCTM 1989, 1991 & 2000; 
Kilpatrick et al., 2001).  This sort of professional learning takes time – sometimes 
several years – so professional development models should allow adequate time and 
provide support, such as structured opportunities to learn from more experienced or 




 Principle six suggests that professional development should be evaluated and 
refined through multiple sources of rich information.  Both practitioner and outside 
expert knowledge should be considered throughout the various stages of professional 
development, so that it can be adjusted to maximize teacher and student learning.   
 Principle seven refers to the importance of providing teachers with a clear 
theoretical base that underlying the professional development.  Teachers are lss 
likely to engage in learning new material or implementing new teaching strategies if 
they are not given a clear rationale for why the new material or strategy is thought to 
be promising or worthwhile.  The theoretical background, though important by itself, 
is much more likely to be internalized if the theory is accompanied by attention to 
teachers’ beliefs and experiences.  For example, if teachers believe that ins ruct on 
should be more teacher-centered than student-centered, they aren’t likely to change 
their beliefs suddenly.  Rather, they must be given gradual opportunities to try out 
new techniques and apply new forms of knowledge.  
 Principle eight is that effective professional development should be part of a 
larger, more comprehensive change process.  Professional development activities that 
are consistent with state, district or school initiatives are more likely to be supported 
by district and school instructional leaders and aligned with teachers’ daily work.   
 In his description of how professional development can be used as a policy 
tool to improve teaching and learning, Knapp (2003) synthesized the literature on 
“high quality” professional development and concluded that powerful professional 
learning experiences tend to 1) focus on teaching practices that support students 




3) employ engaging and proven instructional practices for adult learners; 4) promote 
collegial, collaborate learning; 5) provide rigorous, sustained learning opportunities; 
and 6) align with district and state standards and assessments or reform initiatives.  
Although Knapp cautions that these six attributes have not been linked definitively to 
gains in student achievement, he thinks professional development models 
characterized by one or more of these features are likely to benefit teachers and 
students. 
 In her examination of research on effective professional development in the 
1990s, Wilson (1999) identified similar features of promising professional 
development.  She includes findings from several sources of literature, including a 
synthesis by Little (1988), who claimed that effective professional development 
should 1) ensure collaboration and promote shared understanding among teachers; 2) 
require collective or group participation; 3) emphasize the most critical problems in 
curriculum and instruction; 4) occur with regularity to promote progressive levels of 
understanding and skill; and 5) be consistent with established professional habits and 
norms regarding collegial learning and cooperation. 
 Wilson also included a set of characteristics of high quality professional 
development that Abdal-Haqq (1995) proposed.  According to Abdal-Haqq, effective 
professional development: 
1)  is continuous or ongoing;  
2)  includes a feedback loop grounded in teacher practice; 
3)  is school-based and closely connected to teachers’ daily work; 
4)  is collaborative and includes opportunities for collegial interaction; 
5)  should focus on and be driven by student learning; 
6)  promotes school-based and teacher-based initiative to expand learning; 
7)  is firmly grounded in the knowledge base for teaching; 




9)  acknowledges teachers as professional learners; 
10)includes ample time for teachers to receive follow-up on what they are  
     learning; 
11) is pitched at a level that is accessible to all types of teachers (Wilson, 1999). 
 
Wilson notes that these lists are not mutually exclusive and address a few essential 
aspects or “mantras,” which Putnam and Borko (1997) describe as 
1. Teachers should be treated as active learners who construct their own 
understanding. 
2. Teachers should be empowered and treated as professionals. 
3. Teacher education must be situated in classroom practice. 
4. Teacher educators should treat teachers as they expect teachers to treat 
students (Wilson, 1999, p.176). 
 
Snow-Renner’s and Lauer’s (2005) review of the literature identified the 
following dimensions of professional development models that are most likely to 
improve teacher practice and student achievement.  Such models are (1) of 
considerable duration; (2) focused on particular rather than general content or 
pedagogical strategies; (3) typified by collegial or collective participation; (4) 
coherent with district standards and curricula; and (5) infused with active learning 
opportunities.  The authors indicated that despite the promise of these dimensions, a 
minority of current professional development models possess one or more of these 
characteristics. 
Taken together, these literature reviews address several principles relat d to 
the source, focus, organization and duration of professional development.  The 
reviews indicate that professional development activities should provide opportunities 
for teachers to be actively involved in their learning, to collaborate with other
teachers, to make connections to the classroom, and to participate in sustained and 






  In addition to recent syntheses of the literature, I reviewed the 
recommendations of many different professional organizations related to professional 
development.  I then assessed the extent to which the professional recommendations 
matched the attributes of effective professional development models identified i the 
literature.  Since the professional recommendations are based to varying degrees on 
syntheses of the literature and individual studies, the two data sources agree 
considerably. 
The National Staff Development Council (NSDC) recently issued a plan for 
improving staff development, which included the development of a federal 
clearinghouse that would store information on effective professional development.  
Sparks and Hirsh (2006) reviewed the literature and provided a preliminary list of key
features of effective professional development.  According to NSDC, high-quality 
professional development is (1) results-driven; (2) job-embedded; (3) subject-matter, 
pedagogical, or pedagogical content-focused; (4) curriculum and/or standards-base ; 
and (5) sustained and cumulative (Sparks and Hirsh, 2006). 
The National Board for Professional Teaching Standards (NBPTS) originated 
in the mid-1980s, in response to the Carnegie publication, A Nation Prepared:  
Teachers for the 21st Century.  The NBPTS features a voluntary national certification 
program, which teachers are increasingly seeking, in part because states are more and 
more offering financial and other type of incentives for National Board-certified 




features of effective professional development, it does identify five, related cor  
propositions regarding professional teaching.   
Proposition 1 is that teachers are committed to all students and learning.  This 
proposition assumes that teachers are committed to making knowledge accessible to 
all types and levels of students.  The second, related proposition assumes that teachers
know the content and pedagogical content subject matter of the courses they teac so 
the material can be presented solidly and meaningfully to all types of students.  The 
third proposition is that professional teachers know how to manage and monitor 
student learning, which requires a thorough understanding of state and district 
standards and assessments and students’ relative performance.  The fourth proposition 
is that teachers should engage in habits that help them think systematically about their 
practice.  Professional teachers read, question, learn and experiment.  They regularly 
examine their practice as well as the theory behind practice.  The final proposition is 
that the development of teachers’ professional knowledge is strengthened and 
solidified through participation in professional learning communities.  Professional 
teachers collaborate with other teachers primarily, but also with parents nd business 
leaders to refine instructional practices and curriculum development.  
Professional organizations in various content areas also have 
recommendations for how professional development should be organized and 
delivered.  The National Council of Teachers of Mathematics (NCTM), one of the 
pioneers of the standards movement of the 1990s, has produced a number of reports 
that describe the characteristics of effective professional development in ma hematics.  




standards to guide professional development.  According the this report, high-quality 
profession development should include opportunities for teachers to (1) experience 
good teaching and be given opportunities to pose mathematical tasks and engage in 
meaningful mathematical discourse; (2) deepen their understanding of mathematics 
and school mathematics, including mathematical concepts, procedures and 
representations; (3) understand students as learners of mathematics and be given
opportunities to learn about multiple student approaches, conceptions and 
misconceptions around core concepts; (4) understand mathematics pedagogy, such as 
facility with representations, assessment strategies and discourse strategies; and (5) 
develop continually as a mathematics teacher, such as collaborative opportunities o 
examine and revise assumptions about the nature of mathematics and mathematics 
teaching.  The sixth and final standard addresses the teacher’s role and respo sibility 
in professional development.  This standard implores teachers to take an active role in 
their learning and contends that learning should include: 
• Participating actively in a professional learning community of mathematics 
teachers; 
• Participating in the design and evaluation of professional development 
activities; 
• Discussing and reflecting individually and with colleagues about issues in 
mathematics and mathematics teaching; 
• Reading and discussing ideas presented in professional publications and 
professional meetings; 
 
Another professional organization, the Association for Supervision and 
Curriculum Development (ASCD), published a report based on the work of Joyce and 
Showers (2002), who identified a list of key findings relating professional 
development to student achievement.  The authors, whose research is targeted 




provide opportunities for teachers to develop knowledge – including the underlying 
theory of what they are learning, observe demonstration lessons, and practice the skill
and receive peer coaching; (2) help participants learn how to acquire new knowledge 
and become more effective and persistent learners; and (3) feature collaborative 
learning opportunities, such as joint planning of lessons; and (4) be supported by 
strong school leadership.  The authors argue that instructional coaching is especially 
critical in this list.  They say that teachers need 8-10 weeks to practice the n w skill 
they are acquiring.  Coached teachers, in contrast to non-coached teachers, are more 
likely to practice the new skill or strategy more often and more accurately, dapt the 
new strategy to meet their own goals, retain and increase the level of skill ver time, 
and explain the new instructional models to their students.    
The syntheses of the literature and the recommendations from professional 
organizations overlap considerably.  Using the four dimensions of professional 
development previously discussed and Hawley and Valli’s (1999) eight principles for 
designing effective professional development, Table 1 displays the consistency with 
which these attributes have been described across recent syntheses of the litera ure 
and from reports issued by professional organizations. 
Professional Development Structure of the Larger Study 
 
  The professional development model in the larger study addressed the most 
critical aspects of teachers’ knowledge, conceptual understanding and pedagogical 
content knowledge, and also adhered to these principles of high quality professional 




model is a voluntary program. The role of the professional development providers is a 
non-evaluative, supportive one.   
Table 1 
Attributes of Effective Professional Development Models in Recent Literature 
Reviews & Professional Reports 
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a. The numbers in this row refer to Hawley and Valli’s eight principles of designing effective 
professional development.  Only principle six, that professional development should be 
continuously evaluated and refined, is not included as a column heading.  Principle eight is used 
twice because it can affect both the focus and the organization of the professional development.  
b. Hawley and Valli address all eight attributes because the column headings come from their work. 
 
 
However, districts strongly encouraged school-level participation in the study, so the




development offering.  But teachers could still opt out of the program at any time.  
The source also includes highly skilled outside providers, which the research suggest 
enhances teacher learning, assuming the experts empower teachers rather than impose 
judgment.  
 The focus of the professional development in the PD Math Study is on 
deepening teachers’ content and pedagogical content knowledge and expanding their 
instructional techniques that promote student understanding.  The literature supports 
professional development models that seek to deepen teachers’ content and 
pedagogical content knowledge, particularly when the content is aligned with district 
standards and teachers’ daily work.  The focus of this professional development 
model specifically addresses each of these criteria.  The model also provides 
opportunities for teachers to solidify both their formal and pragmatic understanding 
of key rational number concepts.   
 The organization of the PD Math Study professional development model is 
consistent with what the research says is most promising in terms of promoting 
teacher learning. Professional development activities that include opportunities for 
collective participation and collaboration, that are linked to teachers’ daily work, and 
that promote active learning are more likely to be perceived by teachers as beneficial.  
This professional development model was designed with these organizational aspects
in mind in that teachers attend and participate in workshops as grade level teams, 
work with each other and the instructional coach in the classroom, and participate in 
active learning opportunities such as problem solving, group discussions and public 




 Though the literature does not provide specific guidance as to what constitutes 
sufficient duration and intensity, the literature is clear that one-time workshops or 
other short-lived professional development opportunities rarely promote 
improvements in teacher learning or instruction.  The PD Math Study model includes 
18 days and roughly 70 hours of targeted learning opportunities spread over several 
months, which is substantial both in terms of duration and intensity.   The content of 
each workshop and associated follow-up coaching activities is aligned to each 
district’s pacing guide, so teachers are able to connect to the classroom the material 
presented in the professional development throughout the year at appropriate and 
potentially fruitful time points.  This model was designed to be substantive in terms 
of duration and intensity, but it was also designed to be “policy relevant” in termsof 
what districts and schools could afford and implement if the model eventually shows 
an impact on teacher learning, teacher instructional practice and/or student 
achievement.  Taken together, the PD Math Study has incorporated many of the most 
widely accepted elements of effective professional development. 
 The next chapter provides a detailed description of the key components of the 
PD Math professional development intervention.  Such detail is important because the 
critical case focuses on the extent to which teachers comprehended and implemented 








CHAPTER 3:  DESCRIPTION OF THE PROFESSIONAL DEVELOPMENT 
INTERVENTION USED IN THE PD MATH STUDY 
 
While the previous chapter linked the attributes of the PD Math Study 
professional development to the core features of effective professional development 
identified in the literature, this chapter describes the specific components of the PD 
Math Study intervention.  A detailed description of the model is important because 
this critical case study focuses on the extent to which teachers comprehended and 
integrated into their instructional routines the core components of the model.  The 
descriptive analyses in Chapters 5 and 6 are linked to the core components of the 
model, which is why they are first delineated in this chapter.  The chapter includes a 
brief description of the development of the intervention, an overview of the timing 
and structure of the model, and a catalogue of the topics and strategies of the summer
institute, follow-up seminars and coaching activities. 
Development of the Intervention 
 
 When the PD Math Study began in the fall of 2005, the professional 
development intervention had been generally, but not fully specified.  The federal 
agency had indicated to the American Institutes for Research (AIR), its lead evaluator 
and my employer, that the intervention should focus on rational numbers, contain 
both workshops and in-class coaching, and occur in districts using both “reform” and 
traditional textbooks.  The agency wanted AIR to work with the study’s external 
advisors and the two professional development providers, who were hired in early 
2006, to finalize the design.  The design went through a number of iterations during 




critical case study focuses on the intervention of one of the two study professional 
development providers.  Both providers focused on the same topics, but they 
structured their learning activities differently.  Most of the feedback to bo h providers 
during the pilot focused on establishing the appropriate difficulty of the math 
problems, the clarity and coherence of the professional development facilitator 
materials, the structure and focus of the coaching activities, and the concreteness of 
the instructional guidance.  The pilot also uncovered one staffing issue, which 
resulted in a facilitator being dismissed from the project because she lacked sufficient 
math content knowledge to deliver the professional development activities coherently.  
By late spring of 2007, both providers had revised their materials based on feedback 
from the pilot and hired additional staff for the 2007-08 full study.  The full study 
began during the summer of 2007 in 12 districts and 38 treatment schools and 
included 84 treatment teachers.  Each provider worked in six districts, with rougly 
an equal number of schools and teachers. 
Timing and Structure of the Model 
 
 The structure of the intervention delivered during the 2007-08 school year 
included a three-day summer institute, five days of follow-up seminars and 10 days of 
in-class coaching.  The three-day summer institute focused primarily on building 
teachers’ content and pedagogical content knowledge of specific rational number 
topics.  Each seminar had a dual focus of math content and pedagogical strategies, 
such as question and answer routines and lesson planning.  The coaching activities 
focused on connecting the seminar material to the classroom.  Some of the coaching 




activities paired the coach with a single teacher.  The focus within the domain of 
rational numbers included roughly half the workshop time devoted to fraction and 
decimal content and half the time devoted to ratio, proportion and percent content. 
  Table 2 depicts the number of days and hours offered and the content focus of 
each type of professional development activity.  Each summer institute and seminar 
day contained six hours of professional development activities, beyond lunch and 
scheduled breaks.  The coaching included approximately two hours of activities for 
each of the ten days of coaching. The coaching visits occurred in pairs of days, with 
each coaching visit taking place immediately after each seminar.  Two facilitators led 
each summer institute and seminar workshop, which included all schools in the 
district.  The two facilitators then divided the schools for the coaching.   Each teacher 
spent 18 hours in the summer institute, 30 hours in the follow-up seminars and 20 
hours in coaching activities, for a total of 68 hours over 18 days.  In terms of rational 
number content, the summer institute focused on fraction and decimal topics.  The 
seminars focused on ratio, proportion and percent. 
Table 2   




















Visit 5 Total 
 
Day 1 2 3 1 2 3 4 5 1 2 3 4 5 6 7 8 9 10 18 
 
Hours 6 6 6 6 6 6 6 6 2 2 2 2 2 2 2 2 2 2 68 
                    
Content 
Focusa 
F F/D F R R R  R/P F R R/P R/P M M  
a.  F = fractions; F/D = fractions and decimals; R = ratio and proportion; R/P = ratio, proportion and 





Summer Institute Topics 
 
 The summer institute focused on increasing teachers’ understanding of 
fraction and decimal concepts.  The professional development provider that is the 
focus of this case study introduced participants to definitions of fraction and decimal 
that utilized the number line.  Both definitions were new to most if not all of the 
participating teachers.  During the review of the professional development materials, 
study experts pointed to the number line as an underutilized representation for these 
concepts.  They argued that many of students’ misconceptions with fractions were 
related to not understanding that fractions are numbers (the NAEP problem described 
in Chapter 1 illustrates this point).  When students plot fractions on a number line, 
they are more likely to see fractions as numbers and less likely to treat the numerator 
and denominator as distinct entities that are unrelated to each other.  In response to 
these concerns, the professional development provider created several summer 
institute activities in which teachers plotted, compared and ordered fractions and 
decimals on the number line and discussed how the study definitions related to these 
activities.  In fact, on the last day of the summer institute, the provider gave te chers 
time to create their own number line posters to use with students.  Table 3 
summarizes the topics and key emphases of each day of the summer institute. 
 The summer institute also had a strong emphasis on connecting the study 
definitions of fraction and decimal to related student misconceptions.  Teachers 
examined work samples that included common student mistakes and linked the 
misconceptions to the underlying concepts.  They also discussed various types of 





Summer Institute Topics and Emphases, by Day 
 
 
Day Topic Key Emphases 
1 Fraction Representations 
• Define fraction 
• Represent and order fractions on number 
line 
• Multiple representations of fractions 
• Equivalent fractions and identity property 
of multiplication 












Compare and Order Decimals 
and Fractions 
• Define decimal 
• Represent and order decimals on number 
line 
• Compare and order fractions and decimals 
on number line 
• Student misconceptions with decimals 
• Rationales for multiplying and diving 
decimals 
 
3 Multiply and Divide Fractions 
• Representing multiplication of fractions 
• Understanding meaning of division of 
fractions 
• Two types of division  
• Rationale for “invert and multiply” 
procedure 
 
and discussed why certain representations were more appropriate than others, 
depending on the concept or operation being presented. 
 Finally, the summer institute provided teachers with multiple opportunities to 
think about why common procedures with fractions and decimals were true.  One of 
the criticisms of K-12 mathematics teaching in the U.S. is that teachers introduce 
rules or procedures that produce the correct answer but do not connect to the concepts 
underlying the procedures (Kilpatrick et al., 2001; NCTM 1989; 1991; 2000; USDE, 
2003).  This professional development model included activities in which teachers 




“invert and multiply” rule for dividing fractions and the “moving the decimal point” 
rules for multiplying and dividing fractions.  In sum, the summer institute provided 
teachers with extensive opportunities to think deeply about the meaning of fractions 
and decimals.  The study also provided teachers with a comprehensive set of 
reference materials so they could revisit the content and activities of the summer 
institute throughout the school year.  Teachers received hard and electronic copies of 
the study definitions, key mathematics “take away points” for each topic, problem 
sets and other resources related to summer institute activities.  They also received the 
book Teaching Elementary and Middle School Mathematics, by John Van de Walle 
(2007), which contains explanations of the topics covered in the summer institute.   
Seminar Topics 
 
 The five follow-up seminars focused on improving teachers’ content and 
pedagogical knowledge and connecting that knowledge to instruction.  Like the 
summer institute, each seminar day had a content focus, such as fractions or ratios.  
However, each seminar also had a pedagogical focus, such as lesson planning or a 
questioning technique.  Roughly half of each seminar day focused on improving 
teachers’ understanding of the content associated with the given topic and the other 
half of the day focused on an associated pedagogical component.  Table 4 
summarizes the topics and key emphases of each seminar day. 
 Seminar Day 1 focused on building teachers’ understanding of the meaning of 
ratio, particularly through the use of the ratio table.  The study definition of ratio 




For example, the ratio of 4 to 5 means that 4 is 4/5 of 5 and 5 is 5/4 of 4.  This 
definition illustrates that every ratio has two multiplicative comparisons, each of  
Table 4 
Seminar Topics and Emphases, by Day 
 
 
Day Topic Key Emphases 
1 Ratio Tables 
• Define ratio 
• Multiple representations of ratios (special 
focus on ratio tables) 
• Connecting ratios to fractions 
• Connecting ratios to algebra 
• Lesson planning 
2 Strip Diagrams and Scale Factor 
• Represent ratios with strip diagrams 
• Use strip diagrams to understand scale 
factor 
• Pedagogical strategy: students restate each 
other’s reasoning 
3 Rate 
• Defining rate and unit rate 
• Applications of rate 
• Student misconceptions associated with 
rate 
• Pedagogical strategy: “Say More” 
• Lesson Planning 
4 Percents 
• Define percent 
• Double number lines and percents 
• Solve percent application problems 
• Student misconceptions with percent 








Adding and Subtracting 
Fractions 
• Rationale for common denominator 
• Multiple representations for adding and 
subtracting fractions 
• Mathematical justification for fraction 
operations 
• Summarizing the entire professional 
development program 
 
which represents the relative magnitude of the other.  The reason that multiplicative 
relationships were emphasized is that many teachers and students see a ratio simply 
as a comparison of two quantities, but not necessarily a multiplicative comparison.   




one less than 5 and 5 is one more than 4.  However, such additive comparisons are 
not ratios.  Thus, the professional development focused on helping teachers 
understand the distinction between multiplicative and additive comparisons.   
 The professional development provider used the ratio table to illustrate the 
multiplicative relationships that occur within a single ratio and the relationships that 
occur between or among equivalent ratios.  For example, the ratio of 4 to 5 is equal to 
the ratio of 8 to 10.  Why is this true?  One way to see why this statement is true i  to 
compare the “within” ratios:  4 is 4/5 of 5 and 8 is also 4/5 (or 8/10) of 10.  Another 
way to see it is to look across the pair of ratios and notice that multiplying 4/5 by a 
form of 1 (2/2), yields the same ratio.  The sample ratio tables in Figure 6 illustrate 
these relationships. 
Figure 6.  Sample Ratio Table 
                                   
  
x 4 8 … 
vs. 
x 4 8 … 
y 5 10 … y 5 10 … 
      
 
 The first seminar also included a lesson planning segment in which 
participants planned a lesson based on some aspect of the seminar.  The provider gave 
teachers a lesson planning template that matched the lesson structure of the tachers’ 
text, Connected Mathematics (hereafter, CMP).  Teachers worked with the facilitators 
and other teachers to identify the student learning objective, list potential student 
  “Between” relationship   
           x 2 
     x 2 
  “Within” relationship   




misconceptions and possible appropriate representation, and recognize the key math 
points to make during the summarize portion of the lessons. 
 Seminar 2 also focused on ratio and proportion concepts.  The first seminar 
focused on the ratio table as a representation that could be used to promote students’ 
understanding of the multiplicative relationships within and between ratios.  This 
seminar introduced a second representation, the strip diagram, to help build students’ 
understanding of ratios as multiplicative comparisons.  The strip diagram is widely
used in Singapore math curricula, which have been favorably reviewed in studies 
comparing the curricula of different countries (Ginsberg et al., 2005).  Figure 7 shows 
how the ratios of 4 to 5 and 8 to 10 can be represented by a strip diagram.  The strip 
diagram shows 5 rectangles for every 4 rectangles.  If each rectangle is equal to 2, the 
5 to 4 relationship is maintained visually even though the values change to 8 and 10.  
Teachers worked a variety of problems using strip diagrams and connected this 
representation to the core concepts of ratio and proportion. 
Figure 7.  Sample Strip Diagram 
     
     
     
 
4 to 5 
 
8 to 10 
 
2 2 2 2  
     





The second seminar also had a pedagogical focus of improving the quality of 
mathematical discussions.  They introduced several prompts targeted to individual 
students, such as “Why did you do that?” or “Explain your thinking” as well as 
prompts targeted to stimulate discussion among students, e.g., “Johnny, can you 
restate what Sally said in your own words?”  The facilitators referred to written 
descriptions of these strategies in the teacher materials and modeled each strategy 
throughout the seminar day.  
 Seminar 3 also focused on ratio and proportion content, the concept of rate.  
Teachers learned definitions of rate and unit rate and solved a variety of problems 
associated with the topics.  They discussed how to identify and debug potential 
student misconceptions associated with rate.  This seminar did not feature a specific
representation like Seminars 1 (ratio table) and 2 (strip diagram).  In terms of 
pedagogy, teachers built upon pedagogical strategies introduced in earlier seminar .  
They added the “Say More” discussion strategy to the list they started in Smi ar 2 
and continued to practice the other discussion techniques.  They discussed the lesson 
plans they had created as a homework assignment between Seminars 2 and 3.   They 
used the same lesson planning template that was introduced in Seminar 1. 
 Seminar 4 was the final workshop that focused on ratio, proportion and 
percent content (see Table 2 for math content focus of each day).  Most of the focus 
of this seminar was on percent, though teachers participated in some activities that 
linked percent to other rational number topics.  Teachers learned that a percent was a 
special type of ratio and they worked to solve percent application problems.  They 




with other rational numbers, such as fractions and decimals.  Like the other seminars, 
this seminar provided opportunities for teachers to discuss common student 
misconceptions associated with percents and to link the misconceptions to the 
underlying mathematical concepts.  In terms of a pedagogical focus, teachers 
examined two components of lesson planning:  how to determine and articulate the 
core math of a lesson and how to anticipate student responses to the content.  
Figure 8.  Sample Double Number Line 
 
 The final seminar focused on adding and subtracting fractions.  Teachers 
participated in activities that addressed the rationale for finding common 
denominators when adding or subtracting fractions. These activities incorporated 
multiple representations, including the number line and area models.  Teachers also 
participated in other activities that focused on using mathematical justifications in 
their explanations.  For example, teachers had to explain whether and why certain 
mathematical situations associated with fractions were always, sometimes or never 
true.  The final seminar didn’t have a specific pedagogical focus, but the closing 
activity summarized the lesson planning and discussion techniques used throughout 
the professional development sessions. 
                                                   4/5 
0                                        1                                               






 Each two-day coaching visit, which followed each seminar, had a particular 
pedagogical focus.  Table 5 includes the coaching topics and activities associated  
with each coaching visit.  The first coaching visit, which occurred after Seminar 1, 
focused on helping teachers plan, deliver and reflect upon a lesson that used a ratio 
table.  The coach met individually with each teacher to establish the mathematical 
objective of the lesson and to review how ratio tables could be incorporated into the 
lesson. 
 The second coaching visit focused on the discussion techniques used during 
the seminars.  These techniques encouraged students to explain their thinking to the 
teacher and to others students.  The coach first modeled the discussion techniques 
with a small group of students during a segment of a lesson, while a substitute 
supervised the rest of the class.  Then, the teacher modeled the strategies with a 
different group of students from the same class.  During the next lesson, the teacher
modeled the discussion strategies with a whole class.  The coach and teacher 
debriefed the lesson that the teacher taught to the whole class and noted ways in 
which the questioning techniques could be strengthened. 
 The third coaching visit focused on anticipating student responses as well as 
continuing to practice the discussion strategies from the previous seminar.  The coach 
and teacher used a tool for monitoring student understanding, which included space 
for teachers to record student responses and associated misconceptions.  Like the first 
two coaching visits, this visit required the coach and teacher to meet before and after 





Coaching Topics and Activities, by Day 
 
 
Visita Topic Key Emphases 
1 Lesson Planning   
• Help teachers identify mathematical focus 
of lesson 
• Help teachers incorporate ratio table into 
lesson 
• Debrief lesson with each teacher 
• Co-teach lesson (coach and teacher) after 
ratio table lesson 
2 Using Discussion Strategies 
• Plan, deliver and modify lesson using 
discussion strategies 
• Coach and teacher work with small groups 
of students to practice discussion strategies 
• Debrief teacher’s lesson using discussion 
strategies 
3 Anticipating Student Responses 
• Coach models discussion strategies 
• Teacher practices discussion strategies and 
receives feedback from coach 
• Teachers use monitoring tool to track 
student progress 
• Teacher and coach debrief use of 
discussion techniques. 
4 Peer Observations 
• Teachers plan, deliver and observe each 
other’s lessons using a peer observation 
tool 
• Focus of peer observations sequencing of 
student questions 
5 Co-teaching 
• Teachers plan and co-teach lesson 
• Coach facilitates planning and debrief of 
lesson with co-teachers 
 
a.  Each coaching visit consisted of two days, with both days immediately following a seminar 
workshop. 
 
lessons might be strengthened in terms of anticipating student misconceptions. 
 The fourth coaching visit required teachers to observe each other’s lessons 
and to focus on pre-identified student behaviors.  The coach and two teachers planned 
the pair of lessons in which each teacher would observe the other.  Then, the teachers 
taught each lesson with the other teacher and coach completing the peer observation 




lessons.  They used the peer observation tool as the basis for the discussion.  For 
example, if a teacher wanted the coach and the other teacher to focus on questioning 
techniques, the debrief focused on student questioning.  To increase the comfort level 
of the teacher being observed, the coach allowed the teacher to pick the aspect of 
instruction that was the focus of the joint observation. 
 The final coaching visit had teachers plan, deliver and reflect upon a lesson 
together.  Since the teachers had a double period, each teacher took turns leading 
segments of the lesson.  For example, the launch, explore and summarize sections 
allowed teachers to take turns for a minimum of 10-15 minutes each.  The coach 
observed these co-taught lessons and debriefed with teachers about what they lerned 
and what they might do differently next time. 
 In sum, the professional development model included a variety of activities 
for teachers to build their content and pedagogical content knowledge in rational 
numbers and to practice integrating that knowledge into instruction.  All three cas  
study teachers participated in all these study professional development opportunities. 
The next chapter describes the research design and procedures I developed and 










CHAPTER 4:  RESEARCH AND EVALUATION METHODS 
 
 This chapter provides an overview of the research and evaluation methods and 
procedures I used to conduct this case study.  I begin by explaining why a case study 
is an appropriate research strategy to answer the study questions.  Then, I describe the 
study research questions as they relate to the various components of the research 
design.  Next, I explain the data collection procedures and analytic techniques that I 
adhered to in this study, and then conclude with a discussion of the steps I took to 
ensure the validity and reliability of findings.  
Qualitative Research Strategy 
 
Qualitative studies, such as case studies, have been “stereotyped as a weak 
sibling among social science methods” (Yin, 2003, p.xiii).  In contrast to randomized 
control trials and quasi-experiments that employ sophisticated quantitative analytic 
techniques that seek to control contextual variables, case studies are context-specific 
and lack quantification.  Researchers such as Yin (2003) and Flyvberg (2001) dispute
the “weak sibling” stereotype.  Flyvberg argues that case study findings can 
contribute to the development and testing of broad theories and that critical cases, in 
particular, allow logical deductions of the type “if not here, then where?” to be made.   
In describing social science research more broadly, he adds, “a discipline without 
exemplars is an ineffective one” (Flyvberg, 2001, p.87).  Yin contends that case 
studies provide a context in which specific aspects of theories can be tested.  
Theoretical generalizations are possible when case studies are rigorously designed. 
These arguments seemed particularly relevant as I considered conducting a study 




teachers did not improve their knowledge and instructional routines from 
participating in high quality professional development, then the model was not likely 
to have an impact on teachers working in less favorable settings.    
Yin (2003) also notes the importance of exemplars and contends that the 
appropriateness of any research method is dependent on the nature of the research
questions.  He says that when a researcher seeks to answer a question about “how” or 
“why” a phenomenon occurs in a contemporary setting in which the researcher has no 
control over behavioral events, the case study is a favorable research design.  Since 
these conditions applied to my research questions, which are outlined in the next 
section, I determined that a case study design was an appropriate approach.   
The case study method encompasses a number of different designs, including 
single- and multiple-case study designs with one or more embedded units of analysis.  
The study’s research questions determine whether a single- or multiple- case design 
should be utilized and whether a single or multiple units of analysis are appropriate 
(Yin, 2003).  I employ a single-case study design because I am interested in u ying 
a single phenomena – professional learning.  Yin (2003) argues that it is virtually 
impossible to conduct a high quality case study without a clearly defined case.  
Because I am studying the professional learning of three different teachers, my single 
case design includes three embedded units of analysis, one unit for each teacher.  
Because the case study involves teachers who are receptive to the professional 
development intervention and who work in a district that is supportive of the 
intervention, the case study context is favorable.  Figure 9, adapted from Yin (2003), 








 As mentioned in Chapter 1, this case study is organized around two sets of 
primary research questions, one that focuses on teachers’ knowledge and one that 
focuses on teachers’ instructional practices.  The study also pays attention to poten ial 
sources of variation among teachers in relation to the two primary research questions.   
The primary research questions are: 
1. How deeply do teachers understand the core content and pedagogical 
content components of the professional development model? What might 
explain any variation among teachers? 
                           
2. How effectively do teachers integrate into their instructional routines new 
content, pedagogical content and pedagogical knowledge?  What might 
explain any variation among teachers? 
 
 The first question focuses on teachers’ understanding of the content, and 
possible sources of variation include a) the complexity of the different components of 
the model – e.g., Do teachers have more difficulty with some rational number 
concepts than others?; b) teachers’ prior knowledge in the professional development 
topics – e.g., Do teachers with stronger backgrounds in mathematics perform bette 
CONTEXT:   





of  Analysis: 
 
    Teacher 3 
Embedded 
Unit 
of  Analysis: 
 









on the content interview than teachers with weaker content backgrounds?; c) 
teachers’ prior experience with comparable curricula – e.g., Do teachers with more 
experience using CMP, which is aligned with the professional development model, 
perform better than teachers with less experience using CMP?; d) extra self study or 
collaboration with the study professional development facilitator – e.g, Do some
teachers utilize the coach more than others and benefit from the extra time and 
attention?; and e) teachers’ beliefs and attitudes about the teaching strate ies 
promoted in the professional development and the district – e.g., Do teachers with 
stronger convictions about the importance of  promoting conceptual understanding 
perform better than teachers with weaker convictions?  
 The second question focuses on the extent to which the core emphases of the 
professional development are visible during instruction and the potential sources of 
variation in visibility among teachers.  These sources of variation include a) teachers’ 
understanding of the core math content and pedagogical content – e.g. Do teachers 
who demonstrate stronger levels of knowledge on the content interview make the 
content more visible during instruction?; b) whether or not teachers were working 
directly with an instructional coach – e.g., Are certain aspects of the professional 
development more visible during instruction when teachers are working with an 
instructional coach than when they are not?; c) the complexity of the different 
components of the professional development model – e.g., Are certain aspects of the 
professional development more visible during instruction because they are simpler 
than other components?; and d) differences in the frequency with which various 




emphases of the model more visible than the content emphases because they occur 
more frequently within the CMP lesson structure?  The case study design reflects 
these two primary research questions and investigates potential sources of variati n 
associated with each question. 
 For both research questions, the potential sources of variation were generated 
from a review of the literature, specific characteristics of the professi nal 
development model, and hypotheses based on prior experience working with teachers 
in their classrooms.  The literature suggests that ratio and proportion concepts are 
more difficult for teachers to understand than fraction and decimal concepts, which is 
why I included a question related to this issue.  The professional development model 
includes an extensive coaching component, which is why I included a question about 
the visibility of the professional development when teachers were working directly 
with an instructional coach and when they were not.  From observing teachers in prior 
projects using the same curriculum, I hypothesized that the pedagogical components 
of the mode would be more visible during instruction than the math content 
components.  I identified as many potential sources as possible and incorporated them 
into my research questions. 
Design Components 
  
 In this section, I first describe the criteria used to select the critical case from 
among the other study districts, teachers and schools.  Then, I describe the 





Case Selection Criteria 
 
 Since the two research questions focus on the extent to which the professional 
development might impact what teachers know and how they teach, I wanted to study 
the intervention in a context in which teachers were receptive to and interacting with 
the material.  As part of my supervisory role in the larger study, I attended numerous 
professional development events during the 2006-07 school year, when the 
intervention was being piloted, and during the summer of the 2007-08 school year, 
when the finalized intervention was being implemented in the full study.  During 
these events, in which teachers actively participated by asking questions, olving 
problems and sharing their solutions publicly, I had no trouble distinguishing teachers 
who were engaged in the learning activities from those who were not.  One pattern I 
noticed was that teachers in the districts using CMP, a conceptual and problem-
solving based curriculum funded by the National Science Foundation, tended to be 
more interested in the professional development activities than the teachers in 
districts using more traditional textbooks.8  This pattern was not surprising, since the 
CMP curriculum was more compatible with the core math content and pedagogical 
goals of the study than the traditional texts.  I noted that among the study’s six study 
CMP districts, some districts appeared to have stronger curricular infrastructures than 
others.  For example, some districts had detailed pacing guides that were tightly 
linked to the curriculum, while other districts provided teachers much less structure. 
 The teachers in this case study represent all the eligible teachers from one 
school in a CMP district that had one of the strongest curricular infrastructures in the 
                                                
8 The study sample included six districts that used CMP and six districts that used one of two more 
traditional textbooks.  The traditional textbooks focus more on learning discrete skills than building 




study.  For example, the district math coordinator played an extremely active role in 
the recruitment of teachers to the study and as a participant in the professional 
development activities.  The district also deployed math coaches and teacher l ders 
in every middle school to help teachers improve their instructional practices.  Many 
of the schools arranged their schedules so that teachers had a common planning 
period in order to facilitate joint lesson planning and reflection time.  Schools also 
adopted 85 minute double periods for math, which provided extra time for students to 
engage in the extended learning activities that are central to CMP.   
 The teachers in the school selected for this case study worked in a school wit 
a strong teacher leader, a part-time district math coach and shared common planning 
time.  During the summer institute, I took note of the thoughtful responses of two of 
the three teachers at this school and had interesting side conversations with them 
during breaks and lunch.  All of these factors, particularly in comparison to my 
experiences in other districts that were less hospitable to the intervention, led me to 
think that this school was a site in which the professional development had a 
reasonably good chance of influencing what teachers knew and how they taught.  I 
confirmed this hunch when I visited the teachers’ classrooms during the fall, and I 
made the final decision to use this school as the site for an in-depth case study of 
professional development.  Figure 10 illustrates how the teachers, school and district 
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District and School and Characteristics 
 As depicted in Figure 10, Adams9 Public Schools was one of the 12 districts 
that participated in the PD Math study during the 2007-08 school year.  The district is 
located in a large metropolitan area in the central U.S. with more than 50 schools and 
30,000 students.  More than 70 percent of Adams’ students represent ethnic minority 
groups; 60 percent are eligible for free or reduced meals service; and 40 percent are 
second language students.  In recent years, the proportion of students from ethnically 
diverse backgrounds and low socio-economic levels has steadily increased.  Adams,
like many other large urban districts throughout the country, is characterized by low
levels of student achievement, high levels of student mobility, high proportions of 
second language students, and increasing levels of federal accountability under for 
underperforming schools.    
 Princeton Middle School, the site of this case study, is one of several middle 
schools in Adams and is representative of the district in terms of socio-demographic 
characteristics.  More than 50 percent of Princeton students represent ethnic minor ty 
                                                





groups and qualify for free or reduced meals service, and more than 30 percent are 
second language students.  In 2007, approximately 60 percent of 7th grade students at 
Princeton scored below the proficient level on the state test. 
Teacher Characteristics 
  
 The three teachers who are the focus of this inquiry represent all the 7th grade 
teachers from Princeton Middle School who were eligible to participate in thelarger 
study.  Eligible study teachers had to teach at least one section of middle-level 7th 
grade math.  Special education teachers and the 7th grade teacher leader attended the 
workshops, but they did not participate in the coaching or other study data collection 
activities.  Table 6 includes background characteristics for each case study teacher. 
Table 6 














































































a. The number of math courses represents teacher estimates of the number of mathematics 
courses taken from the mathematics department.  These courses all represent undergraduate 
math credits; none of the teachers had taken graduate courses in “pure” mathematics. 
b. The number of math education courses represents teacher estimates of the number of 
mathematics or mathematics education courses taken outside the mathematics department 
(e.g., courses offered in the school of education).  They represent both undergraduate and 
graduate courses in mathematics education.  
c. This teacher estimate, which seems high,  represents a combination of courses offered from 
universities and continuing education credits.  It should not be assumed that all 15 courses 
represented 3-credit university-based courses; however, the teacher reported taking 





 The sample includes two female teachers and one male teacher.  These 
teachers have different levels of teaching experience and different types of 
educational backgrounds.  Both Hamlin and Smith completed undergraduate 
programs in Elementary Education.  Wiggins completed an undergraduate degree in 
Secondary Mathematics Education.  Hamlin said that her undergraduate degree was 
unique, however, because her program required teachers to take a series of math 
classes in the mathematics department.  Hamlin was in her 2nd year of teaching, while 
Smith and Wiggins were in their 8th and 9th years, respectively.  Wiggins had the most 
experience teaching CMP (6 years); Smith had 3 years of experience; and Hamlin had 
2 years of experience.  The teachers also provided estimates of the number of ath
courses they took inside and outside a university mathematics department.  Since 
Wiggins had a degree in secondary education, she reported taking the most math 
courses from the math department (9), but Wiggins also took several math courses (6) 
as part of the unique elementary program in which she was enrolled.  Smith, who was 
enrolled in a more traditional Elementary Education program, estimated that he took 
only a few classes from a university math department.  However, Smith has taken a
number of math education courses after completing his undergraduate degree.  He 
estimated that he has taken 15 such courses, compared to 4 and 5 for Wiggins and 
Hamlin, respectively.  The teachers did not provide transcripts, so these numbers 
represent teacher estimates. 
 In addition to these background characteristics, I collected information from 
each teacher and from the study’s instructional coach to try and establish a 




the professional development began, but I was not able to do this because districts 
were recruited too late in the previous spring semester to conduct such observations.  
To address this shortcoming, I asked the instructional coach to describe each 
teacher’s practice at the beginning of the school year, since the coach spent time with 
teachers earlier in the school year than I did.  I also asked the teachers to d scribe, 
compared to the previous year, the extent to which the professional development had 
altered specific instructional practices and their overall approach.  
 Hamlin’s pedagogical baseline.  Hamlin indicated that the professional 
development influenced her teaching primarily in two ways.  First, she said that used 
more representations – models, diagrams, charts, etc. – in her teaching than she did 
previously.  She credited the professional development activities, many of which
featured multiple representations of rational number concepts, with providing her new 
ways to present concepts to students.  Second, Hamlin said that she found the study’s 
talk or discussion strategies – e.g., “Say more about that,” “Explain Johnny’s 
approach in your own words,” – very useful.  She said that she has always asked 
students to explain their thinking, but she thought that the study prompts were more 
succinct and effective.  The coach also indicated that Hamlin’s use of the discussion 
strategies increased noticeably over the course of the year.  She said that t the 
beginning of the year, Hamlin would ask students questions, but the resulting 
discussions often fell flat.  The coach said that the number of students participating n 





 Smith’s pedagogical baseline.  Smith indicated that, for him, the most 
valuable component of the professional development was the opportunity to identify 
and discuss student approaches to different concepts.  He said that he was more open 
to allowing students to share different approaches to problems because he was more 
familiar with what they might produce.  He learned various student approaches from 
working with teachers in the seminars and from working one-on-one with the coach.  
Smith said that although he had learned a great deal about different student 
representations of concepts, it was an area that he needed additional support.  The 
coach indicated that Smith’s use of representations with students had been an area of 
focus in their coaching activities.  She said that although she thought Smith was an 
extremely strong teacher at the beginning of the year, he was less likely to encourage 
students to represent multiple approaches to a single concept.  She thinks he grew in 
his willingness to allow students to pursue multiple approaches and in his ability to 
know how to respond to specific student misconceptions.  
 Wiggins’s pedagogical baseline.  Wiggins said that her instructional practices 
had changed primarily in two ways.  First, she said that she was more likely to 
encourage students to share multiple approaches to and representations of problems 
than she did previously.  Second, she said that was more likely to ask students to 
explain their thinking because of the study’s questioning prompts.  She said that the 
prompts were easy to remember and therefore easy to implement in the classroom. 
The coach indicated that she had observed an increase in Wiggins’s willingness to ask 





Data Collection Procedures 
 
 In this section, I first describe the procedures I followed to develop data 
collection instruments.  Then, I provide the timeline for when these instruments were 
used in the field. 
Instrument Development 
 
 I developed two instruments to answer the study’s two primary research 
questions.  The study’s first question addresses whether teachers comprehended t  
core math content and pedagogical content emphasized in the model.  Though all 
study teachers took a timed pre and post assessment in rational number content as part 
of the larger study, the assessment did not allow teachers to explain their thinking or 
elaborate upon their responses.  After reading Liping Ma’s (1999) book, Teaching 
and Learning Mathematics, I decided that one way to assess teachers’ understanding 
of the math content would be through an extended interview.  Ma used math 
scenarios, which were essentially open-ended prompts, as the basis of her interviws.  
I developed seven such prompts based on the core pedagogical and pedagogical 
content emphasized in the model, which became the structure for the extended 
interviews I conducted with teachers at the end of the 2007-08 school year.  Chapter 5 
contains the complete interview protocol, which I hereafter refer to as the structured 
content interview. 
 The study’s second question addresses the extent to which the core 
components of the professional development were visible during instruction.  Though 
I didn’t have classroom observation data from before the beginning of the larger 




detected during instruction.  In fact, during my first informal visit to the school, I 
observed teachers using specific questioning strategies that they had been introduced 
during a previous workshop.  For instance, teachers used the prompts “Say More” and 
“Explain what [Johnny] said in your own words,” which were exactly how they were
stated in the professional development.  Such exact terminology helped compensate 
for the absence of baseline classroom observation data.  Thus, the second instrument I 
developed was an observation protocol organized around three core components of 
the professional development model:  mathematics content, pedagogical content and 
pedagogical strategies.  Within each of these three broad categories, I included 
specific teaching behaviors emphasized in the professional development, which are 
described in Chapter 3.  Appendix A contains the classroom observation protocol. 
 I also conducted interviews with teachers about their perceptions of the 
professional development and their general beliefs about math teaching and learning. 
To triangulate these data, I interviewed the district math coordinator and the 
professional development facilitator who worked with these three teachers in the 
larger study.  I asked them about their experiences working in the district and with 
each of these teachers in particular.  I developed protocols for these interviews, which 
are included in Appendices B-D.  
Data Collection Timeline 
 
 I used collected data at several time points during the summer of 2007 and the 
2007-08 school year, which I have organized into three study phases (see Table 7).  
The primary purpose of Phase 1 (July ’07 – September’ 07) was to collect data on 




The summer institute, which took place in July ’07, focused primarily on boosting 
teachers’ mathematical content knowledge in the domain of 
 
Table 7 
Study Timeline and Phases 
 
 Case Study 

























• Collect and summarize data from initial 
workshops to justify district and school 
as site for critical case  
 
August 2007 
(seminar 1 and 
coaching) 
Sept 2007 
(seminar 2 and 
coaching) 
Nov 2007 









• Collect and summarize data from 
seminars/coaching 3-5 to describe 
visibility of professional development 
during instruction, when coach is 
present. 
Dec 2007 
(seminar 4 and 
coaching) 
Feb 2008 









• Collect and summarize data from 
classroom observations after coaching 
concluded 
• Administer teacher structured content 
interviews 
• Administer teacher background 
interviews 
 
rational numbers.  Teachers solved problems in small groups and took turns sharing 
out with the entire group on what they were learning.  These observations and 
informal conversations with teachers led me to believe that Princeton Middle School 
might qualify as a critical case.  The primary focus of Phase 2 was to collect data on 
the visibility of the professional development in teachers’ instructional practices.  The 




after the professional development intervention had been withdrawn and to administer 
the structured content and teacher background interviews. 
Analytic Approach 
 
 In order for the results of a study to be taken seriously, the study must be 
designed rigorously.  Two hallmarks of rigorously designed case studies are validity – 
the extent to which research findings are consistent with what really happened – and 
reliability – the degree to which research findings are replicable (Merriam, 1998; Yin, 
2003).  Throughout data collection and analysis, I adhered to Yin’s (2003) three 
principles of establishing validity and reliability: use multiple sources of evidence, 
create a complete database, and maintain a detailed chain of evidence.  Regarding 
multiple sources of evidence, I collected information on teachers’ knowledge through 
intensive interviews with the teachers, classroom observations and interviews with 
the instructional coach.  I then triangulated these data during analysis.  I also carefully 
created and maintained a study database, which included field notes from professional 
development workshops, classroom observations and interviews; documents and 
artifacts from professional development and classroom activities; and transcripts of 
the audio-recorded interview data.  Finally, to improve reliability, I maintained a 
chain of evidence throughout data collection and analysis.  For example, I described 
in great detail the specific components of the professional development model, so that 




General Analytic Strategy  
 According to Yin (2003), establishing and adhering to a general analytic 
strategy is important because it restricts the focus of subsequent analyses and helps 
the research know which analytic tools will be most useful.  Yin (2003) notes that, 
too often, researchers cling to the tools – e.g., a computer-assisted data indexing 
software, such as NUD.IST –  before they have established a general analytic 
strategy.  When researchers make this mistake, they often get so mired down in the 
details that they have trouble getting to the analytic phase and maintaining a clear
analytic focus.   
 To avoid such confusion, I selected case description and rival explanations as 
my primary analytic approaches.  I used case description because the answers to my 
primary research questions are descriptive in nature.  I provide descriptions – often 
verbatim – of teachers’ understanding of mathematics and their teaching behaviors.  
These descriptions are anchored to specific information in the professional 
development program.  I also used rival explanations because I am interested in 
studying the sources of variation in teachers’ responses to the professional 
development – in fact, rival explanations are embedded in my research questions 
(e.g., What might explain variation among teachers?).  These rival explanations 
include characteristics of teachers and characteristics of various components f the 
professional development program that might influence teacher responses.  Yin 
(2003) says that as the number of rival explanations to be tested and rejected 




Throughout the design and analysis phases of this study, I made a systematic effort o 
account for and address potential rival explanations. 
Specific Analytic Techniques 
 In addition to the two previously described general analytic strategies, I used
pattern matching as a specific technique to analyze the observational and interview 
data.  Pattern matching is process by which predicted and empirically-based patterns 
are linked.  The specific components of the professional development model, as 
detailed in Chapter 3, comprise the predicted patterns in this case.  For example, I 
used the study resources to inform the development of the structured content 
interview, so that the interview questions directly reflected the material presented in 
the professional development.  I developed the classroom observation protocol in the 
same way, by incorporating into the instrument specific teaching behaviors 
emphasized in the professional development.  With the predicted patterns outlined in 
advance, I was able to assess the extent to which teachers’ empirical actions matched 
predicted behaviors. 
 Yin (2003) discusses several types of pattern matching techniques.  The 
technique that was most appropriate for this study was pattern matching involving 
simple patterns.  Unlike pattern matching techniques that focus on nonequivalent 
dependent variables or rival explanations, I relied on simple, straightforward patterns 
between predicted and actual behaviors.  Chapters 5 and 6, which are linked to the 
criteria outlined in Chapter 3, describe the patterns that emerged from analyzing the 




Ensuring Validity and Reliability of Findings 
Role of the Researcher 
 As mentioned previously, my background experience and role on the larger 
study in evaluating the professional development materials allowed me to play the 
role of expert observer.  Like any research vantage point, the role of expert observer 
has advantages and disadvantages.  One advantage of this role was that it allowed me 
to collect and analyze data more efficiently than an observer less familiar with the 
study and less familiar with mathematics teaching and learning, more generally.  For 
example, I reviewed the professional development materials at multiple time points 
prior to delivery during the 2007-08 full study.  I led the review of the materials 
during the 2006-07 pilot study, participated in the training of facilitators for the full 
study, and created the instruments for tracking the fidelity of implementation of the 
professional development during the full study.  By the time these teachers in thi  
participated in their first professional development activity, I had been through it 
several times.  Such familiarity with the model allowed me to focus closely n 
teacher interactions with the materials, since I didn’t have to acquaint myself with the 
purpose or details of the activity. 
 Another advantage is that I had access not only to the facilitators and coaches 
who were delivering the professional development but also to the senior staff member 
who wrote the materials.  If I had questions about the purpose of an activity or a 
specific technique, I could get my question answered quickly – often an email or a 
phone call returned the same day.  Someone less connected to the project would have 




 One potential disadvantage is that my role in the larger study as supervisor of 
the professional development could have caused the facilitator/coach to behave 
differently because of my presence – e.g., perhaps the facilitator would perform less 
well because of anxiety or perform better because she was trying to impress me.  I 
was less worried about this aspect during the workshops because the professional 
development provider’s quality control person attended these events, and she 
provided much more critical feedback to the facilitator/coach than I did.  Second, I 
established a strong rapport with the two facilitators working in the district, and they 
gradually came to see me as a supportive representative of the study.  Further, the 
favorable conditions for delivering the professional development in Adams and 
Princeton made the facilitators comfortable with outside observers.  In fact, the 
facilitator who also served as the coach at Princeton described the Princeton teachers 
as “a dream” compared with many of the other teachers she worked with in other 
districts.  Even if my presence did influence the performance of the facilitators, I 
didn’t know in which direction, and I assumed that any effect would be small.   
 I was concerned that my role as a study representative might influence 
teachers’ behaviors.  I was especially concerned that teachers might behave 
differently when I conducted classroom observations when the coach was no longer 
present.  Would teachers see me as another coach or someone with a stake in seeing 
them implement particular aspects of the study?  I addressed this potential drawback 
in a few ways.  First, I took time to get to know the teachers individually during the 
workshops – during breaks, lunch, etc.  I shared with them that I had traveled to many 




be a fruitful place to study the intervention in an in-depth way.  I explained that their 
apparent eagerness and capacity to learn the material stood out from other districts
and schools.  Because teachers were used to having district coaches and other 
teachers in their classrooms, they said that they were happy to have me visit their 
classrooms.  They also understood that the data I would be collecting were separate 
from the full study, and that I had no evaluative purpose and would protect their 
confidentiality throughout the study.  It is possible that teachers behaved a little 
differently when I was present during the observations after the coach had left – 
during the observations when teachers were working with a coach, I do not think I 
altered what teachers were doing; their primary focus was on the coach – but I saw no 
evidence of such behavior.  Chapter 6 includes analyses of classroom observations of 
both when the coach was present and not present.  I found no dramatic differences 
between the two data collection time points, which suggests that my presence did not 
alter noticeably teachers’ instructional practices.  
 My role can be described as observer as participant, which Glense and 
Peshkin (1992) explain as an observer who has contact with the participants but does 
not provide input, advice or any other information that would alter what participants 
would ordinarily do.  I made this role clear to teachers, even though, on a few 
occasions, one of the teachers asked me for advice in handling a particular student’s 
misconception.  I did not intervene for research purposes, even though as a former 
teacher, I was eager to support the teacher in those instances. 
 I conducted all of the classroom observations, so I was not able to conduct 




observations in which the teacher was working with the study coach, I did verify the 
information in my field notes with the coach.  This process was not as straightforward 
as comparing my field notes with hers, since the coach played a variety of roles and 
often didn’t take notes when she was modeling parts of a lesson or working with 
students.  Yet, these informal conversations improved the quality of the data I 
collected. 
 I also took steps to reduce bias that I might have brought to the classroom 
observations in several ways.  First, I tried to keep an objective frame of mind whe I
observed classrooms.  Though I was looking for specific teaching behaviors, I made
sure that I captured as much information during the classroom observations as 
possible.  I recorded as many relevant direct quotes as I could, since direct quotations 
are extremely low inference.  I did not score teachers on the classroom observations 
until I had typed and re-read my field notes several times.  This process occurred 
within a few days of each observation, since it took roughly four hours per 
observation to type and expand upon my hand written field notes.  I wanted to score 
teachers on the observation protocol soon after each observation, but I didn’t want to 
do it until I had a complete set of notes to review.  Chapter 6 includes excerpts from 
my field notes to justify teachers’ scores on the observation protocol. 
  Since I was the only researcher in the study, I conducted all the interviews by 
myself.  I took notes during each interview, mostly to help me keep focused on the 
interview protocol.  I audio-recorded and later transcribed each interview as well. I 
assured participants that I wouldn’t share any information from the interviews with 




the study.  Though most of the information shared in the interviews was non-
threatening, some participants did respond with personal information, which they 
asked me to keep confidential.   
Inter-rater Reliability of the Structured Content Interview 
 I wasn’t concerned about internal validity when participants were providing 
information about their background, perceptions of the study or beliefs about 
mathematics because they provided me this relatively straightforward info mation.  
However, I was concerned about ensuring internal validity during the analysis of the 
structured content interviews.  Because these questions assessed teachers’ 
understanding of the mathematics, I wanted to make sure that my assessments were 
valid.  I dealt with validity by having the interviews scored independently by another 
math expert who was familiar with the study.  He participated extensively in the pilot 
study and knew the intervention extremely well.  He also is a leading math education 
expert and a colleague of mine at the American Institutes for Research.  He provided 
input on the appropriateness of the questions in relation to the study design and later 
scored teachers’ responses independently.  In an attempt to be efficient, I provided the 
expert with key excerpts from the lengthy interviews rather than have him read th  
approximately 100 pages of transcribed interview data.  These excerpts appear in 
Appendices I-O. 
 Fortunately, this approach seemed to work.  Appendix E includes a table with 
both of our scores on each of the seven interview questions for each of the three 
teachers. As the table indicates, the inter-rater reliability was quite high.  On 14 of the 




disagreed, we only differed by 0.5 of a level on four questions and 1.0 on the 
remaining three items.10  Our overall averages for the three teachers were within 0.2 
of a level – 1.9 vs 1.7 for Hamlin; 1.5 vs. 1.3 for Smith; and 1.4 vs. 1.3 for Wiggins. 
These small differences gave me confidence that my scoring criteria w e reliable and 
valid.  If this approach had not produced such consistent results, I would have shared 
all the transcripts with him and then held some follow up discussions about our 
differences.  
 Another way that I addressed internal validity in the structured content 
interviews was to provide as many direct quotes as possible when justifying 
individual teacher ratings.  By including direct quotes and a brief rationale as to why 
these quotes indicated a particular level of understanding, I provide opportunities for 
other researchers to confirm or dispute the results, and thereby increase the 
transparency of my findings.  
 The next two chapters include findings and analyses related to the study’s two 
primary research questions.  Chapter 5 utilizes data from the structured content 
interviews and Chapter 6 utilizes data from the classroom observations to describe the 
extent to which the three teachers’ understood the core math content emphasized in 





                                                




CHAPTER 5:  TEACHERS’ UNDERSTANDING OF MATHEMATICS 
CONTENT 
 
 The larger study’s theory of action assumes that high quality mathematics 
instruction is dependent upon teachers’ understanding of mathematics content.  Thus, 
the professional development model emphasized both strengthening teachers’ 
understanding of core mathematics content and improving teachers’ ability to deliver
that content meaningfully to students.  Though one could make a strong argument that 
the impact of teachers’ mathematical knowledge on student learning ultimately 
should be judged by how well that content is delivered in the classroom (e.g., the 
quality of an explanation, the ability to articulate student misconceptions), it is often 
difficult to make such assessments exclusively from classroom observation data.  One 
limitation of using observation data to capture teachers’ understanding of the content 
is that typical lessons provide only limited opportunities for teachers to demonstrate 
their content knowledge publicly.  Another reason is that teachers sometimes choose
to withhold particular aspects of knowledge because they don’t think it is appropriate 
to share with students (Kennedy, 2005).  For example, a teacher might decide that a 
particular definition or certain way of presenting the content is too complex for most 
students and introducing this information might introduce confusion or even 
frustration among students.  Given these limitations of classroom observation data as 
a means to assess teachers’ understanding of mathematics content, I conducted i -
depth interviews with each teacher about the extent to which they understood the core 
mathematics content and pedagogical content emphasized in the professional 




Structured Content Interview 
 
 Unlike timed, close-ended assessments, which all teachers – including the 
three teachers who are the focus of this inquiry – completed as a requirement of the 
larger study, structured content interviews provide an opportunity for teachers to 
delve deeply into the content and to explain their reasoning over an extended period 
of time.  Liping Ma (1999), in her case study comparing Chinese and U.S. elementary 
teachers’ understanding of mathematics, used structured content interviews (sh  
called them scenarios) to classify teachers’ understanding of the subject matter.  The 
data from these interviews illustrated sharp differences in understanding between the 
Chinese and U.S. teachers in her study.  Other researchers, such as Ball (1990; 1991) 
and Prawat, Remillard, Putnam and Heaton (1992), have used these types of 
interviews to depict teachers’ ability to articulate mathematical concepts and to 
identify student misconceptions associated with those concepts.  Thus, the structured 
content interview was well suited for the design of this critical case study.   
Components of the Structured Content Interview 
 
 As discussed in Chapter 4, the larger study focused on the domain of rational 
numbers, which includes fractions, decimals, ratio and proportion, and percent.11  I 
weighted these rational number topics proportionally as I developed the interview 
protocol.  The larger study also had a dual emphasis of strengthening teachers’ 
mathematics content knowledge and pedagogical content knowledge, so I constructed 
interview prompts that addressed both of these dimensions as well.  By mathematics 
                                                
11 The topic of percent received less attention in the professional development than the other rational 
number topics, so I excluded percent from the structu ed content interview.  However, some of the 
teachers talked about percent in relation to some of the other interview prompts –e.g., when they were 




content knowledge, I refer to teachers’ understanding of key concepts and definitions, 
connections among rational number concepts, and rationales behind procedures or 
algorithms.  By pedagogical content knowledge, I refer to teachers’ ability to 
represent concepts in multiple, student-friendly ways and to identify and debug 
common student misconceptions.  Appendix J indicates which of these rational 
number, math content knowledge and pedagogical content domains are addressed in 
each interview question.  The final interview protocol included seven questions (see 
Appendix K for all the questions) that covered these domains.  Each interview took 
about an hour to complete. 
 The interviews addressed the core content and pedagogical content topics 
emphasized in the professional development, but some topics were emphasized more 
than others.  To capture the degree of emphasis on each topic, I report the number of 
hours spent on professional development activities related to each question.  For most 
of the seven questions, teachers spent at least four hours in workshops (summer 
institutes and follow up seminars) on activities exclusively devoted to the core topic 
or topics in each question.  Teachers spent time during coaching focusing on these 
topics, but the coaching activities were not as intensely focused on the content as 
were the workshop activities.  Teachers also had a variety of study resources they 
could reference at any time.  The study resources included a set of math content “take 
away points” for each topic, several problem sets, a math reference book, and a 
commercial college textbook.  Sometimes they were assigned homework problems 
from these materials.  Thus, it is difficult to know precisely how much time teachers 




amount of time they spent using the study resources, but they did not report how 
much time they spent on topics related to each question on the interview.  A 
conservative way to describe the amount of time teachers spent on each topic is 
between four and six hours in workshops, a few hours in coaching activities where 
the time was less concentrated on the content than the workshop time, and a few 
hours of self-study of the supplemental resources.  See Appendix L for a more 
detailed description of the number of hours devoted to each question by each 
professional development activity.   
Criteria Used to Score the Content Interviews 
 The purpose of the structured content interview was to assess teachers’ 
understanding of the mathematics content emphasized in the professional 
development, not to assess their global understanding of mathematics.  However, 
given the extensive review process required by the federal agency during the 
development and pilot phases of the study, what teachers were expected to learn is 
consistent with what many experts would describe as general mathematical and 
pedagogical content knowledge.  Leading mathematicians and experts in mathematics 
education carefully reviewed all study materials, so the content presented to teachers 
was conceptually clear and coherent. 
 For each of the seven questions, I applied a scoring rubric to capture the 
degree to which teachers accurately articulated the content emphasized in the 
professional development.  The rubric ranged from no understanding to strong 
understanding. Table 8 contains full descriptions of the scoring criteria and inclu es 




scored at the level of no understanding on any question, so all of the teacher 
responses demonstrated weak, moderate, or strong levels of understanding. 
Table 8 














Superficial and/or limited connections to study-emphasized 







Solid connections to many aspects of the study-emphasized 
definitions, approaches or explanations, but connections did not 
fully capture most essential elements of study-emphasized 







Strong connections to the core elements of the study-emphasized 
definitions, approaches or explanations.  Connections capture 
most essential aspects of the study-emphasized information and 







Teachers’ Scores on the Structured Content Interview 
 
 Table 9 displays the scores each of the three teachers received on each 
question and includes two average scores, as well.  The values in the last column 
indicate each teacher’s average score across the seven questions.  The average scores 
in the bottom row indicate the average score for each question for the three study 
teachers.  For example, Hamlin received a score of 2 on the first question of the 
interview, which indicates a moderate understanding of the study’s definition of 
fraction.  Her average across all 7 items was 1.9, or slightly below the moderate level 
of understanding.  The average score for all teachers on this item was 1.7, slightly 










Average 1 2  3 4   5a 6  7 
Hamlin 2 1 3 3 1 1 2 1.9 
Smith 1 2 1.5 2 2 1 1 1.5 
Wiggins 2 1 1.5 1 1 1 1.5 1.3 
Average 1.7 1.3 2.0 2.0 1.3 1.0 1.5 1.6 
 
a.  Columns 5 and 6 are shaded because they represent questions focused on ratio and proportion 
content; all other questions focus on fractions and decimals (fractions, primarily). 
   
 All three teachers’ average across the seven items fell between the weak and 
moderate levels of understanding.  The highest average was 1.9 (Hamlin) and the 
lowest average was 1.3 (Wiggins), for a range of 0.6.  Hamlin was the only teacher to 
demonstrate a strong level of understanding for any question, which she reached on 
both questions 3 and 4.  These two questions required teachers to explain the rationale 
for operations with fractions and decimals.  Her high scores on these two items 
helped raise the averages on these two items to 2.0, the only questions on the 
interview that averaged a moderate level of understanding across all three teach rs. 
 The two shaded columns in the table refer to the two questions from the 
interview that dealt explicitly with ratio and proportion content.  Questions 1-4 and 7 
dealt with fractions and decimals.  Ratio and proportion generally are considered to 
be among the most complex rational number concepts.  Perhaps that is why teachers 
in this study struggled more with these concepts than they did with fractions and 
decimals.  When the averages for each item are grouped by fraction and decimal 




moderate levl of understanding, across the fraction and decimal questions.  However, 
they averaged 1.2, or close to the weak level of understanding, for the two ratio and 
proportion questions.  Figure 11 displays the difference in these average scores for 
these two domains of rational numbers content. 
















                                                              
                                                 Domain of Rational Numbers 
Teachers’ Understanding of Fraction and Decimal Content 
 Though Table 9 illustrates that teachers scored higher on questions with 
fractions and decimals, on average, they still displayed an understanding below the 
moderate level.  However, teachers’ level of understanding fluctuated across 
questions; and, it varied among teachers for a given question.  To understand this 
variance more fully, I elaborate on each teacher’s responses to each interview 
question, grouped by rational number topics.  I begin by describing each teacher’s 
responses to questions 1-4 and 7, the questions on the interview that addressed 




 Define fraction and represent definition with students (Q1).  The first question 
asked teachers to define fraction and explain how they would represent that definition 
to students.12  It also asked teachers whether and how their definition of fraction had 
changed as a result of participating in the professional development.  Students’ 
difficulties understanding fraction concepts are well documented.  Many experts 
believe that part of the problem is that students are presented with multiple definitions 
of fractions throughout upper elementary school and middle school (Wu, 1996; 2005; 
Milgram, 2005).  For example, a fraction is often first defined as a part of a whole – 
e.g., what fraction of the circle is shaded?  This definition resonates with many 
students (and probably with many adults as well).  But later, a fraction also refers to 
parts of a set – e.g., what fraction of the chips is blue? – which is a different typ  of 
model.  While both of these definitions are correct, students often have trouble 
understanding yet a third definition for fraction, which is the idea that a fraction is a 
single number that can be placed on a number line.  This third definition is especially 
critical as students move into algebra, where fractions become subsumed under the 
domain of rational numbers and older notions of “part-whole” become less useful 
when manipulating expressions and equations with rational numbers (Wu, 2005).   
 Given this background information and the study’s focus on 7th grade students 
who are transitioning into algebra, the study developed the following definition of 
fraction that supports students’ understanding of fraction as a point on a number line: 
For whole numbers a and b, with b not equal to zero, the fraction a/b is the 
number on the number line corresponding to a imes the unit divided into b
                                                
12 The actual question was:  How would you define fraction and represent that definition with students?  





equal parts. Using this definition, 3/2 is a fraction. Since 3/2= 1 ½, 1 ½ is a 
fraction. 
 
The professional development facilitators introduced this formal definition of fraction 
to teachers at the beginning of the summer institute and revisited it on several 
occasions during follow-up workshops.  Teachers participated in several activities 
where they plotted, compared and ordered fractions on number lines and explained 
how their solutions connected to the study definition.  The core ideas associated with 
this definition are that a) fractions are numbers, so every fraction has an exact 
location on a number line; b) the numerator of a fraction (a) represents the number of 
pieces being counted; and c) the denominator (b) epresents the size of each piece 
relative to the unit.  I expected teachers to touch on these aspects when they 
responded to the first part of the question, and, given that the importance and 
usefulness of the number line is embedded in this study definition, I expected teachers 
to explain why the number line is an appropriate representation to use with students 
when communicating these ideas.  
 Two of the three teachers – Hamlin and Wiggins – said that a fraction 
represented a point on the number line, which indicated that they had understood this 
key aspect of the definition.  Hamlin went on to explain that “the top number being 
the number of pieces being counted, and the bottom number how many pieces make 
up the whole,” which was very similar to what the study emphasized.  Wiggins also 
echoed the study definition by saying that “the denominator tells you how many 
pieces it’s split into and then the numerator is how many of those pieces you have.”  




made solid connections to the study content.  Had either teacher explained why the 
number line is a useful representation for showing that fractions are numbers, they 
would have scored at the strong level of understanding.  Both teachers mentioned that 
a fraction was a point on a number line, but neither discussed what the numerator and 
denominator meant in terms of the number line.  Neither teacher either emphasized 
that they would use the number line to explain the meaning of fraction to students, 
even though they participated in a number of activities focused on fractions and 
number lines – one of which even required teachers to make their own number lines 
for use in the classroom.  Neither teacher referred to the more formal, algebraic 
aspects of the definition.  For example, neither teacher referred to the algebraic 
aspects of the definition, such as using a or b to describe the number of pieces or the 
size of each piece with respect to the unit. 
 Smith responded to the prompt by stating that a fraction was a “representation 
of parts of a set compared by division,” and went on to say that a fraction could either 
be “parts of a whole or parts of a set.”  He never mentioned that a fraction was a 
number that had an exact location on a number line; and, when prodded, he never 
fully explained what he meant by “part of a set compared by division.”  Nor did he 
distinguish when it might make more sense to use the part of the whole or the parts of 
a set definition.  In fact, two of the study emphases were to encourage teachers to be 
deliberate about using particular representations and to encourage teachers to us  the 
number line because it was the most comprehensive representation.  Since he missed 
the number line component completely and did not distinguish between parts of a 




 Connect fraction and decimal concepts (Q2).  The second question addressing 
fraction and decimal content asked teachers what they would do to help students 
solidify their understanding of how fractions and decimals are related.13  The study 
research team worked with the professional development provider to craft a precise 
definition of decimal.  To promote coherence between the two definitions, we agreed 
to use parallel language and similar symbolic notation.  According to the study:
Decimals are numbers that can be written as N.abc, which means N 
plus 10010010
cba ++   etc.  Decimal notation is analogous to place value notation 
for whole numbers; positions to the right of the decimal point represent 
fractions with denominators that are powers of 10.  Both fractions and 
decimals are numbers, and they can be ordered and compared.  All fractions 
can be represented as decimals – some terminating and some repeating – but 
there are some decimals that cannot be represented as fractions. For example, 
the terminating decimal 1.23 is equal to 1100
23 or 1+ 100
3
10
2 + .  The repeating 





3 +++  
 
The professional development facilitators introduced the definition of decimal early 
in the summer institute and revisited it at various time points during the follow-up 
seminars, though not quite as often as they referred to the study definition of fracti n.  
Teachers participated in activities where they connected the meaning of fractions and 
decimals.  They identified decimals as numbers, which could be compared and 
ordered on the number line.  The core idea associated with this definition is that 
decimals, place value and fractions are closely linked and should be mutually 
reinforced.  For example, the decimal 0.15 is equivalent to fifteen hundredths or100
15 , 
with the denominator of 100 representing a power of 10.  These connections can be 
reinforced when fractions and decimals are placed on the same number line.  These 
                                                
13 The actual question was:  Suppose a group of studen s are having trouble connecting the meaning of 
fractions with the meaning of decimals.  What might you do to help students solidify their 




emphases are what I expected teachers to address when they responded to this 
question.     
 Only one teacher, Smith, scored at the moderate level of understanding on this 
question.  Both Hamlin and Wiggins, though they scored higher than Smith on the 
previous question, scored at the weak level of understanding.  Smith used place value 
to connect fractions and decimals:  “I would say the number one problem equating a 
fraction to a decimal is that idea that a decimal is based on the base 10 and a fraction 
can be based on whatever.”  Though his point about decimals being based on base 10 
is important, it could have been stronger if he had talked about how fractions with 
power of 10 denominators represent positions to the right of the decimal point.  He 
actually didn’t refer to the study definition at all.  Nevertheless, his initial, strong 
connection to place value was consistent with what was being promoted in the 
professional development.   Later, Smith mentioned how he would connect fractions 
and decimals using a number line:  “I’ve also used fractions that are 10ths on the 
number line…then we start looking at those, including looking at little blow ups, like 
we did in the study.”  This connection to the number line was consistent with what 
was being emphasized in the professional development – he even referred to a 
specific professional development activity from the summer institute.  These 
responses put Smith safely into the category of moderate level of understanding.  
 Neither Hamlin nor Wiggins made solid connections to the study emphases 
around fractions and decimals.  Instead, both used real world examples to promote 
student understanding.  Hamlin used pizza to describe how the value of a number can 




We talk about how the value of a number and it being in a different 
form…Two out of five pieces might make more sense than 40% of something 
if you’re talking about how much pizza you ate, for example…we talk about 
rational numbers in different forms having the same value. 
 
Instead of connecting fractions and decimals using the study definitions or number 
line activities, Hamlin used an area model – pizza – to illustrate how rational numbers 
can come in different forms and yet maintain the same value.  This idea is important, 
but it is not an idea that the study emphasized; and, her example connects percents, 
not decimals, with fractions.   
 Wiggins used money to connect fractions with decimals and focused on the 
particular numbers in the question, rather than on the concepts more broadly:  
I would bring it back to common sense.  If a student thinks .12 is equal to ½, I 
would say ‘you know what half looks like and .12 is like 12 cents.  Do those 
match up?’… Because, if you make anything from money for them, they’ll get 
it. 
 
Money is a common way to connect fractions with decimals, but the professional 
development actually warned against using money, since money only works for 
decimals carried out to the hundredth place.  For example, money wouldn’t 
necessarily help a student understand why 0.158 is equal to 1000
158  or 10
1 + 100
5 + 1000
8 .  Had 
Wiggins referred to either study definition or mentioned the importance of place 
value, she probably would have scored at moderate level of understanding.  But since 
she and Hamlin relied on their own techniques and failed to mention these core 
emphases, they both scored at the “weak” level of understanding. 
 Rationale for decimal procedures (Q3).  The third question focusing on 
fractions and decimals asked teachers to explain the rationale for operations wi h 




subtracted and why the decimal point “moves” when they are multiplied or divided.14  
Teachers participated in several professional development activities that were 
designed to promote understanding of these rationales behind common procedures.  
The core idea behind adding and subtracting decimals is that only like quantities can 
be combined.  When the decimal points are “lined up,” the associated place values are 
lined up as well.  This distinction might seem subtle, but lining up place values is a 
much more conceptually rich idea than lining up the decimals points, which many 
students know how to do but can’t explain why it works.  The “movement” of the 
decimal point when multiplying and dividing decimals is understood when decimals 
are converted to fractions with power of 10 denominators.  The study included 
activities where teachers converted decimals to fractions and then discussed what was 
happening to the decimal point and why.  For example, 0.23 x 0.15 = 100
23 x 100
15  = 
000,10
345 or 0.0345.  The product is carried out to the ten thousandths place because the 
two factors are in the hundredths place – hundredth x hundredth = ten thousandth. 
 Hamlin’s response to this question was one of only two responses across all 
the interviews that reached the strong level of understanding (Hamlin also scored the 
other strong response, on question 4).  Her responses to both parts of the question – 
adding and subtracting and multiplying and dividing decimals – are strongly linked to 
what was emphasized in the professional development.  When discussing the 
rationale for adding and subtracting decimals, Hamlin begins by referring to money: 
                                                
14 The actual question was: Suppose a student asks you to explain why you “line up the decimals” 
when adding or subtracting but “move” the decimal pl ce to the right or left when multiplying or 





We’ve done examples.  That’s come up actually pretty recently and we talked 
about money. First of all, I put up that I have 50 cents and I have $5.00. So I 
[decided to] add them and so now I have 55 cents, right?  
 
But she doesn’t stop there.  Instead, she connects this concrete example to the 
underlying concept of adding like place values and even gets the kids to think about 
why first:  
Now does that make sense to you? …Well, why? … You’ve gotta add the 
same thing… the pieces that you’re adding have to be the same size.  
 
When Hamlin talked about the rationale for multiplying and dividing decimals, she 
referred to the study emphasis of converting the decimals to fractions with power of 
ten denominators: 
When we multiply decimals we turn the decimals into fractions… 25 times 
.5…and they get, you know, 125/1000ths and then we talked about, um, you 
know, started looking a those.  What do you notice?...You know, I’m ending 
up with thousandths here.  Why am I ending up with thousandths?  Well, 
‘cause I’m multiplying hundredths times tenths. 
 
Hamlin’s written work was consistent with this explanation:  the “movement” of the 
decimal point is the result of multiplying the fraction equivalents with denominators 
that are powers of ten.  The approach reinforces the decimal place value system.  
Because Hamlin succinctly and clearly captured the core study emphases rel t d to 
this question, she received a rating of strong level of understanding. 
 Neither Smith nor Wiggins was able to answer this question as completely or 
succinctly as Hamlin.  But Smith’s rationale for lining up the decimals when adding 
or subtracting addressed several ideas emphasized in the professional developmnt.   
For example, he made an immediate connection to place value: 
One thing, I think, you know, you start having a conversation about place 
value.  You could start with whole numbers and we don’t use a decimal point 




35 + 28, if you were to put a decimal point in there for each number and it 
would still be 35 and 28, where would you put the decimal point on each one?  
Okay.  Does it does line up?  Well, yeah because I’ve got the ones and I’ve 
got the tens. 
 
Though he talked about lining up the ones and the tens, his explanation would have 
been stronger if he had explained that the ones and tens were part of a larger place 
value system.  However, Smith returned to the importance of place value later in the 
interview, as part of a discussion about estimation: 
The estimation is important.  It’s a way to keep place value so that we’re 
adding 100ths to 100ths, 10ths to 10ths, 1s to 1s and so forth when we’re 
doing a regrouping. 
 
He continued to discuss the importance of estimation when explaining to students 
why the decimal point “moves” when multiplying or dividing: “I would tell the 
student, ‘Is the decimal place…in your answer based on your estimation [so that] it 
makes sense to you?”  The study discussed estimation as one strategy to promote 
number sense, but the professional development did not talk specifically about how 
estimation might be used to explain this question because estimation only makes 
sense when the numbers are manageable.  Relying solely on estimation is similar to 
using money to explain the connection between decimals and fractions:  even though 
they activate students’ prior knowledge, both are limited in what they can explain.  
Given Smith’s moderate-strong response to the part of the question focusing on 
decimal addition and subtraction and his weak response to the part of the question 
focusing on decimal multiplication and division, he scored at the weak-moderate level 
of understanding.   
 Wiggins also scored at the weak-moderate level of understanding on this 




connection to place value for why the decimal point must be lined up when adding or 
subtracting: 
Well, as far as for the adding, I mean, we line ‘em up when we’re doing whole 
numbers ‘cause each number has the same value…We’ve done a lot more 
with just place value and they’re getting to being okay with the whole idea 
that they have a value.  
 
 
Like Smith, who used estimation to explain why the decimal point “moves” when 
multiplying or dividing, Wiggins emphasized estimation and sense making when 
determining where the decimal point should be placed in any product or quotient.  
First, though, Wiggins went back to the definition of multiplication as the number of 
groups of a certain number: 
Well, I’d probably bring them to like a simple question where it’s like 3 times 
.2 … ‘cause like 3 times 2 is 3 groups of 2 or two groups of 3…So it’s 3 
groups of .2.  
 
The professional development did not focus on the meaning of multiplication as a 
way to understand why the decimal point “moves,” but Wiggins concluded her 
explanation by saying that “[students] know that 3 groups of 2 is 6, so 3 groups of .2 
has to be .6.”  This latter part of her explanation reinforced estimation and number 
sense, which were general study foci but not specifically emphasized for this 
question.  Like Smith, who focused on helping students understand where the decimal 
point should be placed in an answer, Wiggins did not answer directly the question of 
why the decimal point “moves.”  Also like Smith, Wiggins only used simple numbers 
to reinforce students’ understanding of decimal placement.  Neither teacher 
mentioned the study focus of converting decimals to fractions, which explains the 




number sense is sufficient.  Given the similarities between Smith’s and Wiggins’s 
responses, Wiggins also scored at the weak-moderate level of understanding. 
 Student misconceptions with fraction procedures (Q4).  The next question 
asked teachers to debug a student misconception related to simplifying fractions.  
Students are taught often to “cross cancel” as a quick way to simplify fractions, but 




10 =  , but 2
1
28
8 ≠ .  The reason the procedure works in the first equation but not the 
second is grounded in the identify property of multiplication.  The identity property of 
multiplication states that the value of a number does not change when it is multiplied 
by one (any form of one).  The study placed a strong emphasis on this property and 
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.  And the value of anything (in this 
case15
1 ) multiplied by one (in this case10
10 ) does not change.  The same cannot be said 
for the second inequality, since 28 does not have a factor of 8, which could be used to 
write the expression( )( ) 18
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8 ≠ , teachers would need to discuss the identity property of 
multiplication, either formally or informally. 
 Hamlin again demonstrated a solid grasp of the underlying student 
misconception and referred to the concepts emphasized in the professional 
development. 
Well, if they’re changing it into an equivalent fraction they have to divide by 
one -- a form of one -- and in this case they are not dividing by a form of one.   
















• .  Though she says “dividing by a form of one” rather 
than multiplying by a form of one, the study emphasized that every multiplication 
problem can be rewritten as a division problem.  Thus, her description addressed the 
core underlying concept of the identity property of multiplication.  Hamlin elaborates 
further and demonstrates that she knows that the mistake stems from situations where 
it does work: 
I think where [students] get this misconception is when they’re taught because 
of powers of ten, if you have 10/880, boom, you cross ff the zeroes.  Well, 
that works. You’re actually dividing the numerator and the denominator …by 
ten tenths. 
 
Though Hamlin did not refer to the formal property, she did address the key 
principles associated with the property.  She also reinforced the study idea of 
providing rationales for procedures:  “That’s my biggest thing with my kids … if you 
don’t understand why that works, you can’t use it.” These responses placed Hamlin 
in the category of “strong” level of understanding.  
 Smith also addressed some of the core ideas emphasized in the study, but his 
responses were not as comprehensive or succinct as Hamlin’s.  He begins by 
suggesting that the student think about benchmark fr ctions, which reinforce his 
earlier focus on building number sense and estimation:  
Well, I think, you know one thing that we could instruct to have them do is 
come over here to ½…Start asking … why is this a half?  Well, because it’s a 
one in the numerator and it’s a 2 in the denominator … what does that really 
mean?...I might move to 2/4ths and 3/6ths and start looking for a pattern: it 
looks like the numerator has what relationship with the denominator?  It’s 





Like other questions, the study did emphasize estimation and number sense generally, 
but the primary emphasis for this question – a question that was very similar to an 
activity the teachers completed in a workshop – was the identity property of 
multiplication.  I prompted Smith to think about cases where “cross canceling” does 
work in an effort to trigger the identity property of multiplication:  
 
Interviewer prompt: If you have 80/160, [crossing out the zeros] actually 
would work in this case, wouldn’t it?  80/160 -- 8/16ths would still equal a 
half.   Smith:  They have no concept of dividing each number by 10, which is 
still dividing it by the value of one, but it’s a tenth of the pieces.  And, of 
course, they’re ten times larger and so you’ll need a tenth of them.  They’re 
using a procedure here. 
 
Smith does touch on the concept of dividing each number by ten, which is the same 
as dividing by the value of one.  Since Smith showed that he understood the basic 
concept behind the identity property of multiplicaton, I gave him a score of moderate 
understanding.  Like Hamlin, he did not refer to the formal property.  But unlike 
Hamlin, who extended the question to an example where the “cross canceling” 
worked, Smith only responded to my prompt.  His response suggested that his initial 
response, which emphasized number sense more than the u derlying property, is what 
he would most likely do to emphasize with students. 
 Like Smith, Wiggins responded to this prompt by refe ring to the benchmark 
fraction of ½.   She emphasized the visual representatio  of the common fraction and 
the relationship between the numerator and denominator: 
I would probably go back and draw a picture of it.  I mean, the odds are if you 
give them something to look at they can see that 8/28 is definitely not 1/2… 
I’d just say think about it.  You know what 1/2 is and you know that 1 is half 





While drawing a picture may be an effective way to help some students with this 
particular problem, the explanation does not address the identity property of 
multiplication, which can be used to explain why an fraction can be simplified.  
Wiggins focused on the incorrect student answer, which appened to be the 
benchmark fraction of ½, and then worked backwards toward a meaningful answer.  
But what if the incorrect student answer had not been a benchmark fraction, then how 
would she have explained it?  
 Though Wiggins does hint at the identity property – she says that she would 
talk to students about why it works with tens – shedo sn’t name it explicitly and has 
trouble articulating it succinctly: 
As far as the division we’ve talked about just reducing a fraction and how 
you can divide top and bottom by the same thing and in the tens case it … 
you can cancel out a zero…  You have to reduce by the same number on 
both…it goes to that whole ratio and keeping it consistent. 
 
Unlike Hamlin and Smith, who intentionally avoid using the term “cross cancel” and 
stress multiplying or dividing by a value of one, Wiggins still refers to “canceling out 
the zero” in her explanation and never mentions multiplying or dividing by a value of 
one.  Given these responses, as well as her comment, “I don’t know how I’d say it to 
a seventh grader right now, though”, Hamlin scored at the “weak” level of 
understanding for this question. 
 Rationales and representations for fraction procedures (Q7).  The final 
question addressing fraction and decimal content focused on the appropriateness of 
specific models or representations for particular operations with fractions.  More 
specifically, I asked teachers to explain which representations would be most 














The professional development model emphasized that linear models, such as the 
number line, were most appropriate for explaining additive situations, and area 
models, such as rectangular grids, were most appropriate for explaining multiplicative 
situations.  For example, teachers participated in a number of workshop activities 
where they used number lines to show how fractions c uld be added or subtracted and 
why common denominators were needed.  They participa ed in other activities and 
solved problems where area models were used to explain the multiplication of 
fractions.  A major student misconception related to multiplying fractions is that the 
product of two fractions must be greater than the value of either factor.  Teachers 
solved problems in the professional development that addressed this misconception 
through an area model – e.g., What fraction of a pan of brownies remains if ½ the pan 
is eaten on one day and ¼ of what was left on the next day?   
 None of the teachers articulated the core distinctio  that linear models were 
generally more appropriate for additive situations a d area models more appropriate 
for multiplicative situations.  Hamlin said that she would use the same model to show 
addition and multiplication: 
I would use the same model, so we could see the diff rences… Well, I’ll go 
back to brownie problem [area model], okay? One-third, so we find out what 
one-third is. This would be one-third of three-fourths is the way I think of it so 
first I need to figure out what three-fourths is.  So divide it into fourths or they 
would divide it into fourths for me. 
 
Her description of the area model is consistent with hat the study emphasized; in 
fact, she references the “brownie problem” in her explanation.15  She also says that 
she would use a set model to help students who didn’t understand the area model. The 
                                                
15 The “brownie problem” asked teachers to describe what fraction of a pan of brownies remained after 
consecutive days of eating.  If half the pan is eaten on Monday and one fourth of what remained is 




professional development discussed set models as another appropriate representation 
for multiplying fractions, so her response reinforced this representation.   
 Though she says she is going to use the same model to show multiplication 
and division, she ends up using money to illustrate why like denominators are needed 
when adding or subtracting fractions: 
You know, we’d go back to my money model [for addition]. When you’re 
adding fractional pieces – pieces like pennies or pieces of a dollar – well, you 
need to be all adding the same thing.  Well, if you’re adding the same thing 
what’s important about these denominators?  They have to be the same size 
pieces. 
 
This explanation, though conceptually clear and grounded in students’ real world 
knowledge, does not include the number line or another linear model.  Given 
Hamlin’s strong response to the first part of the qu stion, she scored at the moderate 
level of understanding overall. 
 Smith doesn’t refer to an area model or linear model, but instead says that he 
will focus on building students’ number sense.  He starts by explaining that when ¾ is 
multiplied by a number great than one – in this case, two – the product is greater than 
¾: 
I think one place you might want to start is start using, you know, their 
number sense. Coming back to, all right, I’ve got 3/4 of this bar, and I find out 
one group of that I have 3/4, all right?  If I have two of those, okay, then I 
have 3/4 -- each one of these is 1/4.  Now I have another three so I have 6/4.  
So 6/4 is greater than 3/4, okay?   
 
Then, he explains that when ¾ is multiplied by a number less than one, the product is 
less than ¾: 
So therefore, there must be something that we can do algorithmically or 
whatever that this is going to be something less than ¾.  So I think that’s 






Unlike Hamlin, who referenced both the area and set models for the multiplication 
part of the prompt, Smith did not refer to a specific model or representation.  Nor did 
Smith reference a model or representation for the addition part of the prompt.  
Instead, he focuses again on estimation strategies with benchmark fractions:  
And then with addition … I started with 1/3 and 3/4 and now I’m dealing with 
12ths in my answer and this numerator is bigger than my denominator…Tell 
me what part of a whole I have and, you know, start putting ‘em together and 
they could estimate it. 
 
Since Smith did not reference any representations, even when prodded, which was the 
primary point of this question, he scored at the weak l vel of understanding. 
 Like Smith, Wiggins emphasized students’ number sense to address the part 
of the question dealing with multiplying fractions.  She wanted students to see that 
the product of 1/3 and 3/4 had to be less than 3/4: 
A lot of times you can refresh them back to 2 times 3 i  6; it’s 3 groups of 2 
and this is 1/3 of a group of 3/4…And they can at le st see it’s gonna be a 
smaller answer  
 
Unlike Smith, Wiggins said that she would also use a picture to illustrate why the 
product is ¼ in this problem.  She didn’t refer specifically to an area model, but her 
picture utilized an area model similar to the one featured in the “brownie problem.”  
When Wiggins explained why common denominators were n eded for addition, she 
said that she would use a combination of fraction strips and an area model.  The 
professional development did not emphasize fraction strips, though this linear 
representation could be linked to the number line, but Wiggins did not make this 
connection: 
I think I would go to like fraction strips. Where you take a strip and you cut it 




fold it into four equal parts and you have to take thr e of them and then you 
compare it to a couple of strips and say that yeah, you end up with more than 
what you began with…If you wanted to get to the common denominators then 
pull out the fraction circles and do that.  Take th 1/3 and the 1/4 and then take 
other pieces to try and take another color and try and get the answer and you 
could put, okay, you have a 1/3 piece, you’d have the 3/4 piece and you have 
to put pieces on top of them if really wanted an exact answer. 
 
Nor did the study professional development encourage teachers to use the area model 
for addition.  Instead, the study focused on the number line as a more appropriate 
representation.  Since Wiggins’s response to the multiplication part of the question 
was relatively strong, she scored at the weak-moderate level of understanding for this 
question overall. 
Teachers’ Understanding of Ratio and Proportion Content 
 Compared with teachers’ performance on questions dealing with fraction and 
decimal content, in which they on average scored between the weak and moderate 
levels of understanding, teachers scored lower on the ratio and proportion questions.  
Two of the three teachers scored at the weak level of understanding for both ratio and 
proportion items.  The third teacher scored at the moderate level for one question and 
at the weak level of understanding for the other ratio nd proportion question.   On 
the one hand, this discrepancy between fractions/decimals and ratio/ proportion is not 
surprising, since ratio and proportion concepts are considered to be more complex 
than fraction and decimal concepts.   On the other hand, given the strong emphasis on 
ratio and proportion in the professional development and the extensive amount of 
time devoted to ratio and proportion in this district’s text, the discrepancy is puzzling.  
 Define and represent ratio (Q5).  The first ratio and proportion question asked 




According to the study, a ratio is a comparison of two quantities by division, where 
the quotient represents the relative magnitude of the two quantities – i.e., the 
magnitude of one quantity as a multiple of the other.  This definition emphasizes that 
ratios are not just comparisons between two quantities but multiplicative 
comparisons.  This difference might seem subtle, but it’s very important and often 
overlooked.  For example, additive comparisons, such as “three more than a number,” 
are comparisons between two quantities but they are not multiplicative comparisons.  
The study also emphasized that ratios come in three fo ms – part to part, part to whole 
and whole to whole – distinguished “within” from “between” ratios.  “Within” ratios 
consider comparisons from one similar figure, while “b tween” ratios compare 
corresponding dimensions from two similar figures.  The study provided teachers 
with several ways to represent ratios with students, most notably strip diagrams and 
ratio tables. 
 Hamlin, who scored the highest on the fraction and decimal questions and 
highest overall, did not use a definition of ratio that highlighted the multiplicative 
relationship between the two quantities.  She did mention that a ratio was a 
comparison, but then she connected ratios to fractions:  
A ratio is a comparison between two things…put in fractional form, a lot of 
times, or with the little dot dots…We always talk to the kids, you know, the 
amount of girls to the amount of boys; the amount of left-hand people to the 
amount of right-hand people; how many are blue eyed and how many are 
brown eyed?  We talk about what’s a comparison…and sometimes we’ll 
represent it as a fraction.  It can be manipulated lik  a fraction…you can add 
ratios and subtract ‘em and multiply and do all those fractional things with 
ratios. 
 
To her, a ratio was a comparison between two quantities, but she did not distinguish 




girls) and prior knowledge (fractions) to explain what a ratio was, but these 
connections did not capture the core ideas of the study.  When she mentioned that 
fractions and ratios were related, she didn’t elabor te on how they were related or 
how they were different.  Hamlin did not discuss how ratio tables and strip diagrams 
could be used to highlight what ratios are and to help students understand problems 
involving ratio and proportions.  Given these responses, Hamlin scored at the weak 
level of understanding. 
 Smith was the only teacher who addressed the multiplicative aspect of ratios, 
though he didn’t make this point immediately or succin tly.  When asked to define 
ratio, he initially said: 
It’s a way to compare groups of numbers and I think that could be an 
introduction.  Say we’re gonna talk about ratios of b ys to girls in the class, 
something that they can concretely see, [or] I have one cup of sugar to every 
two cups of flour. 
 
This definition does not mention the multiplicative relationship between the two 
quantities, and like Hamlin’s response, utilizes a re l world, concrete example.  But 
later in the interview, when I prompted Smith to explain the type of relationship 
between the four and sugar, Smith said: 
Well, it’s a ratio but it’s also a comparison of two values in a sense by 
division.  Because if it’s 1:2 – we’ll say that one cup of the flour to two cups 
sugar – the flour is always half of the sugar.  So no matter how much sugar I 
have, I need to divide that amount by two to get my flour or if I have my flour 
I could always multiply by two to get the amount of sugar. 
 
In this explanation, Smith captures the multiplicative aspect of ratios: no matter how 
big the recipe, the amount of flour is always half the sugar (or the amount of sugar is 




diagrams as a key representation for ratios, but because he captured the multiplicative 
aspect of the definition of ratio, he scored at the moderate level of understanding. 
 Like Hamlin but unlike Smith, Wiggins did not explain that ratios were 
multiplicative comparisons between two quantities.  She said that a ratio is “just a 
comparison of two things,” and when prompted to explain that comparison, she said, 
“it’s got to keep that consistency between itself.”  Though “consistency between 
itself” might have been a proxy for a multiplicative relationship, she was not able to 
articulate this comparison in the interview, nor did she distinguish additive from 
multiplicative comparisons.  Hamlin did mention ratio tables – “I would use the ratio 
table; I love the ratio table” – but, when prompted, could not explain what 
mathematical concepts the ratio table might illustrate or illuminate.  Given the lack of 
attention and clear articulation of the study emphases, she scored at the “weak” level 
of understanding. 
 Connect ratio and fraction concepts (Q6).  The second and final question in 
the ratio and proportion domain asked teachers to explain how ratios and fractions are 
related and how they can be distinguished from one another.  The study professional 
development emphasized that a fraction is a number with an exact location on the 
number line, but a ratio is a comparison between two numbers, and therefore does not 
have an exact location on the number line.  Even thoug  ratios can be expressed in 
fractional from – e.g., the ratio 3 to 4 can be expr ssed as 3:4 or 3/4 – they are not 
exactly the same thing.  The professional development also touched on how ratios and 
fractions give rise to each other – which is definitely true – but because this emphasis 




distinction between fractions and ratios for scoring purposes.  However, if any teacher 
had discussed how fractions and ratios give rise to each other – none of them did – I 
would have incorporated those responses into the scoring. 
 Hamlin could not explain how fractions and ratios are related to one another:  
“That’s befuddling.  I’ll have to think over that one.  I haven’t really given much 
thought to it truthfully”.  However, she did try todistinguish between a fraction as a 
“part of a whole” and a ratio as a comparison betwen two different things:   
A fraction is a part-to-whole relationship.  And a ratio can be between two 
different things – it can be between two different things.  Where generally a 
fraction is a – you’ve got a whole and then the numerator is the part of that 
whole.  [But] in boys to girls it’s not that way. 
 
But this explanation was unclear and did not reference the underlying concept that 
fractions are numbers that can be placed on the number line but ratios are 
comparisons between numbers and cannot be placed on a number line.  Hamlin, like 
Smith and Wiggins on this question, scored at the weak level of understanding. 
 Smith did not bring up the core way in which fractions and ratios are different 
– that one is a number and the other is a comparison between two numbers – but 
instead focused on how part-to-whole ratios and fractions are related: 
If you talked about ratios as part-to-part and part-to-whole, and you’ve talked 
about fractions as part of a whole, whatever that whole is, then you can start 
talking about well, is a fraction always the same as a ratio? … Then you can 
start having the discussion, okay, if a fraction basic lly means it’s the parts 
that I’m counting compared to the number of parts o pieces or parts that it 
takes to represent the whole… but I have two types of ratios over here -- a 
part-to-part and a part-to-whole -- which one does it sound like it’s more like?  
 
This explanation does address the similarity between part-to-whole ratios and 




fraction of the class that is girls.16  However, this connection was not an emphasis in 
the professional development.  Rather, the strongest explanation for why fractions 
and ratios give rise to each other is rooted in the idea of rate.  
 Like Smith and Hamlin, Wiggins does not distinguish fractions from ratios as 
one being a number and the other being a comparison between two numbers.  When 
prompted to think about whether the number line could be used to distinguish 
fractions from ratios, she said, “I probably wouldn’t go at it that way because I don’t 
use fractions on the number line.  Like Smith, Wiggins talks about the relationship 
between part-to-whole ratios and fractions being a part of a whole: 
When I think of ratios I think of the part, no, fractions I think of as being part-
to-whole, so like you have three pieces out of fiveof a cake.  But a ratio could 
be I’ve got 14 girls and 24 boys.  You know …a fraction is always part to 
whole, [but] a ratio could be part-to-part or a part-to-whole. 
 
Since she did not address the core distinction and struggled to articulate the other 
connections between fractions and ratios, Wiggins also scored at the weak level of 
understanding. 
Sources of Variation Among Teachers’ Responses 
 
 The previous discussion of teachers’ responses to the seven questions on the 
structured content interview depicted variation in understanding across the questions 
as well as variation across teachers for particular questions.  One potential source of 
variation resides in the complexity of the content or components of the professional 
development model.  For example, teachers on average scored lower on the ratio and 
                                                
16For example, if the ratio of cups of lemon juice to cups of water in a lemonade recipe is 2 to 5, then
there are 2/5 cups of lemon juice for every cup of water (rate).  Thus, the ratio 2:5 gives rise to the 
fraction 2/5 in the rate of 2/5 cups of lemon juice for every cup of water.  Fractions give rise to ratios 




proportion items (Questions 5 and 6) than they did on the fraction and decimal items 
(Questions 1-4; 7).  Teachers also scored lower on questions that required them to 
make connections across multiple concepts (Questions 2 and 6) than on most of the 
other items. 
 A second potential source of variation resides in differences among teachers 
such as their knowledge and experience and their beliefs and attitudes toward 
learning.  Teachers brought different levels of background knowledge and experience 
to the professional development.  They also varied in the degree to which they were 
motivated to learn the content, as evidenced by the amount of time and effort they put 
into the various professional development activities.  The next two sections address 
each of these broad sources of variation: the complexity of the content of different 
components of the model and individual differences among teachers. 
Complexity of the Content  
 
 As previously discussed, teachers scored lower on the ratio and proportion 
items – just barely above the weak level of understanding – than they did on the 
fraction and decimal items – closer to the moderate lev l of understanding.  What 
might explain this difference?  According to Cramer and Lesh (1988), who worked on 
the Rational Number Project, a twenty year study focusing on the teaching and 
learning of rational numbers in the elementary and mi dle grades, elementary and 
middle school teachers’ understanding of ratio and proportion concepts is a major 
obstacle to promoting student understanding of these concepts.  Other researchers, 
such as Lamon (1999), have documented similar challenges in teachers’ acquisition 




 This research is consistent with how material is presented to students:  
students learn about fractions and decimals in elemntary school, but don’t delve 
deeply into ratio and proportion until middle school, when they are older and more 
able to understand more complicated concepts.  Unlike fractions, which lend 
themselves to simple, concrete models like pie charts or sets and generally involve a 
single concept, a ratio is a multiplicative comparison between two quantities and 
involves more than one idea at a time.  For example, if the ratio of lemons to cups of 
water in a lemonade recipe is 3 to 8, then the ratio of water to lemons is 8 to 3.  
Expressed as a unit rate, there is 3/8 of a lemon per cup of water or 8/3 of a cup of 
water per lemon.  Notice that the description of this relationship requires an 
understanding of fractions and illustrates that ratios are more complex ideas than 
fractions. 
 To compound matters, the definition of ratio varies across different textbooks 
and resources available to teachers.  According to the first edition of CMP, the 
textbook that all three teachers were using, a ratio is a comparison between two 
quantities, but it does not include the “by division” part of the definition.  The text 
discusses the multiplicative aspect of ratios, but it is presented differently than in the 
professional development. Thus, the study’s expansion of what “by division” means 
was likely new to teachers, which could partially explain why they scored lower on 
these items.  
 Another potential source of variation related to the complexity of the content 
is the distinction between pedagogical content knowledge and content knowledge.  




1.0 – two of the lowest averages were on Questions 2 and 6, both of which dealt with 
making connections across rational number concepts.  Question 2 asked teachers to 
make connections between fractions and decimals, and Question 6 asked teachers to 
make connections between fractions and ratios.  Both averages, 1.3 for Question 2 
and 1.0 for Question 6, were the lowest averages across the 7 questions.  This pattern 
suggests that teachers struggle more with connecting o cepts than they do 
articulating a single concept.  Given the difficulty teachers had with individual 
concepts – e.g., they struggled to define both decimal and ratio – it is not surprising 
that they struggled more to make connections across c ncepts.  
Individual Differences Among Teachers 
 In addition to the differences associated with the nature of the content, 
differences among teachers are another potential source of variation in their 
understanding of the core content emphasized in the prof ssional development.  
Teachers’ a) prior knowledge and experience, b) prior experiences with prior 
curricula compatible to the professional development, c) further self or group study 
on the professional development topics, d) extra coll b ration with the coach, and e) 
beliefs and attitudes about the utility of such knowledge and about how students learn 
mathematics are all potential sources of variation in understanding.  Among these 
potential sources, teachers’ beliefs and attitudes about mathematics content and 
beliefs about how students learn mathematics appeared to be the most salient sources 
of variation. 
 Hamlin, who demonstrated the strongest overall level of understanding on the 




toward learning the content and promoting students u derstanding of the content.  
She was hungry to learn.  She often vigorously pursued why something was true or 
false, and was always uncomfortable when students didn’t understand something or 
when she was confused about the mathematics.  For example, during one of the 
workshop activities, the teachers were solving a rel tively difficult problem involving 
rates (several of the teachers were stuck):   
It takes 4 people 10 hours to mow the grass in the ci y park.  If they all work 
at this rate, how long will it take 6 people to mow the same park? 
 
Hamlin managed to arrive at the correct answer of 3
26 hours, but she didn’t know why 
this answer was correct.  She asked the professional development facilitator during 
whole group discussion, “I know this is the right answer, but why does this work?”  
Unfortunately, the facilitator wasn’t able to explain where this answer came from or 
how it was connected to what teachers had been doing that day.17   Hamlin then spent 
the next several minutes – including the entire aftrnoon break – trying to figure out 
the answer to the question on her own and discussing it with other teachers.  This 
persistent attitude carried over to the classroom, as well.  On several occasions, I 
observed Hamlin asking the coach (or me, when the coach was not present) for help 
in understanding the underlying mathematics in a lesson.  One poignant example 
occurred at the end of a lesson, when several students were sharing different solutions 
to a particular problem.  Hamlin was listening to the students talk about what they had 
done, but as she was trying to summarize the underlying mathematics in the students’ 
                                                
17 Teachers had been studying proportional relationships, but this problem featured an inversely 
proportional situation.  Effort and time are inversely proportional, so if it takes 4 people 10 hours to 
complete the work, then 6 people would produce 6/4 or 1.5 the amount of work in 4/6 or 2/3 the 





thinking, she turned to the coach and said, “This is where I get stuck.  I don’t know 
what to say.  What should I say?”   
 Hamlin’s eagerness to understand the underlying mathematics stood out from 
Smith and Wiggins.  Though both Smith and Wiggins actively participated in the 
professional development, neither teacher, at leastpublicly, was as determined to 
understand the mathematics (or as uncomfortable when confused) as Hamlin.  Smith 
participated more publicly than Wiggins during the workshops – e.g., he asked more 
questions and made more presentations – but the difference between Smith’s and 
Wiggin’s apparent will to learn was much less pronou ced than the difference 
between Hamlin’s and everyone else. 
 Among the other potential sources of variation, teachers’ prior knowledge and 
experience using similar instructional materials did not appear to affect teachers’ 
level of understanding of the core math content emphasized in the model.  Using 
degree type and number of math courses taken as a proxy for prior knowledge, only 
Wiggins, who scored the lowest on the content interview, has a degree in secondary 
math education.  Both Smith and Hamlin have degrees in lementary education, 
though Hamlin did specialize in mathematics in her el mentary program.  Hamlin 
said that her program was unique because it required students to take five courses in 
mathematics from the math department, as opposed to math courses in the education 
department.  All three teachers have taken between 4 and 9 graduate courses in 
mathematics education or mathematics teaching, but none of the teachers has 
completed an advanced degree in mathematics or mathe ics teaching.  Using the 




knowledge, the expected order would be Wiggins (12), Hamlin (5) and Smith (2); 
however, the order of the scores on the content interview was Hamlin (1.9), Smith 
(1.5) and Wiggins (1.3). 
 In addition to being the only teacher with a degre in secondary mathematics 
education, Wiggins also had the most middle school mathematics teaching experience 
(9 years) and the most experience teaching CMP (6 years).  See Table 6 in Chapter 4 
for a table of teachers’ education and experience.  Smith and Hamlin have been 
teaching middle school and the CMP text for three and two years, respectively.  Thus, 
experience teaching middle school and experience teaching CMP, which more than 
traditional textbooks requires teachers to understand and be able to explain math 
concepts, do not appear to influence how much teachers were able to learn from the 
professional development.  If length of experience mattered in this case, then 
Wiggins, who scored lowest, should have scored highest.  However, the type of 
experience that each teacher had using the CMP materials is also likely a contributing 
factor.  Though Wiggins has more years experience teaching CMP, she may not have 
made the most of opportunities to understand and explain the content.    
 None of the teachers collaborated with each other or with their instructional 
coach in between or after professional development activities.  The absence of such 
contact eliminated potential sources of variation in understanding of the math content.  
Both Hamlin and Wiggins enrolled in math teaching courses during the year of 
professional development.  Hamlin took a class on fractions, which might have 
supported her understanding of fraction concepts emphasized in the professional 




that the main reason she enrolled in the course was to ccrue credits toward a 
master’s degree. Wiggins took a geometry class, which did not focus on rational 
number content and which Wiggins described as not very useful, so it is unlikely that 
this course contributed to Wiggins’s understanding of content emphasized in the 
professional development.  
Conclusion 
 
 In summary, all three teachers scored between the weak and moderate level of 
understanding on the structured content interview, with only one of the three teachers 
scoring close to the moderate level.  The teachers, on average, scored higher on 
questions addressing fraction and decimal content than on questions addressing ratio 
and proportion content.  Teachers’ average scores on the ratio and proportion items 
were especially low, with teachers scoring weak on all but one of the ratio and 
proportion items.  Teachers also struggled on questions where they were asked to 
make connections between rational number concepts – e.g., connections between 
fractions and decimals and ratios and fractions.  Their average scores for these items 
were similar to their low averages on the ratio andproportion items. 
 Among the potential sources of variation in teachers’ understanding, the 
complexity of the content – i.e., ratio and proportion concepts are considered to be 
more complex fraction and decimal concepts – and teach rs’ beliefs about learning 
mathematics stood out as salient factors.  Teachers reported that the ratio and 
proportion content was more complex and newer than e fraction and decimal 




didn’t understand something scored noticeably higher t an the other two teachers on 
the structured content interview. 
 The next chapter shifts from teachers’ understanding of the content and 
pedagogical content through a structured interview to how that understanding 
manifests itself in the classroom, through teachers’ instructional practice.  In addition 
to capturing teachers’ understanding of mathematics content and pedagogical content, 
the next chapter includes pedagogical knowledge, which t e professional 






























CHAPTER SIX:  TEACHERS’ INTEGRATION OF THE PROFESSIONAL 
DEVELOPMENT INTO THEIR INSTRUCTIONAL ROUTINES 
 
 This chapter examines the extent to which teachers integrated into their 
instructional routines the content, pedagogical content and pedagogical components 
of the professional development model.  Unlike the previous chapter, which utilized 
structured interviews to assess a single component of the model – teachers’ 
understanding of math content and pedagogical content – this chapter utilizes data 
from classroom observations to assess all three main components of the model.  
Classroom Observations 
 
 In order to assess the extent to which teachers integrated into their 
instructional routines various components of the professional development model, I 
developed an observation protocol based on the core cont nt emphasized in the 
workshops, seminars and coaching activities.  In addition to the math content and 
pedagogical content topics described in the structued content interview, the 
professional development emphasized general pedagogical strategies.  General 
pedagogical strategies, as outlined in Chapter 3, ae techniques that the professional 
development facilitators modeled in the workshops and coaching that can be applied 
to any lesson, regardless of whether the focus of the lesson is on rational numbers or 




Components of the Classroom Observation Protocol 
 The classroom observation protocol is organized around these three general 
domains of knowledge:  math content, pedagogical content and pedagogical 
knowledge (see Table 10).  Math content knowledge encompasses several teacher  
behaviors, such as the degree to which teachers use mathematically precise language, 
make connections between or among rational number concepts, explain the rationale 
behind procedures or algorithms, and incorporate key id as about fractions, decimals, 
ratio, proportion and percent.  The content focus of m st of the lessons I observed fell 
under the domain of rational numbers; however, parts of some of the lessons focused 
on other math topics.  In the next section I describe how I scored teachers’ 
understanding of non-rational number content.   
Table 10 
Core Components of Classroom Observation Protocol 
 
 




Math Content Knowledge Use mathematically precise language  
 Make explicit connections between or among concepts 
 Provide rationale for why procedure works  
 Incorporate key ideas about ratio and proportion 
 Incorporate key ideas about fractions and decimals 
 
Pedagogical Content  Identify and debug student misconception(s)  
 Use (or student use of) multiple representations of concepts  
 Make connections among student errors or approaches  
 
Pedagogical Knowledge State the mathematical focus or objective of less n 
 
Encourage students to pursue multiple strategies to solve 
problems 
 
Ask students to justify or extend their answers or 
explanations  
 Ask students to engage in each other’s reasoning  
 






 Pedagogical content knowledge encompasses the extent to which teachers 
diagnose and debug student misconceptions, use or enc urage student use of multiple 
representations of concepts, and make connections among student approaches, 
including student errors.  The misconceptions and representations are rooted in 
specific math concepts, which is why the term is pedagogical content rather than 
straight pedagogical knowledge.  Pedagogical knowledge refers to general actions 
that can be applied to any lesson, regardless of the mathematics content that is the 
focus of the lesson.  Stating the lesson objective, encouraging students to pursue 
multiple solution strategies, asking students to justify or extend their answers, asking 
students to engage in each other’s reasoning, and providing a lesson summary 
statement or closure are among the general pedagogical actions emphasized in the 
professional development. 
Criteria Used to Score Classroom Observation Protocols  
 To capture the extent to which these three core asp ct  of teachers’ knowledge 
manifested themselves during instruction, I developd scoring criteria similar to the 
criteria used to score the structured content interview.  To score structured content 
interviews, I used a four-point scale, from 0 to 3, to capture teachers’ level of 
understanding of the content.  For the observation data, I also used a four-point scale, 
from 0 to 3, but to capture the visibility of the professional development in teachers’ 
instructional practices.  Thus, the four levels of “understanding” on the content rubric 
are replaced with levels of “evidence” on the classroom observation rubric.   Table 11 
includes complete descriptions of the four levels used to capture visibility:  no, low, 



















Study-emphasized material is occasionally or superficially visible 















Study-emphasized material is highly visible in teacher 
instructional practices, including exact content or pedagogical 







 In contrast to conducting interviews, where teachers r spond to a fixed set of 
questions in a fixed period of time with few distractions, collecting classroom data is 
much more difficult and unpredictable.  For example, a teacher might have planned 
carefully for a particular lesson only to find out that the class period has been 
shortened considerably for a school-wide function.  Or, more commonly, a teacher 
might launch a lesson only to find out that the students are confused because they 
don’t have sufficient background knowledge to comprehend the new concept.  As a 
result, the teacher must alter or even scrap the curr nt lesson plan and focus on review 
material.  
 Despite the inherent messiness of the classroom, classroom data are 
potentially very powerful because they capture actul rather than intended teaching 
behaviors.  A teacher may provide a correct definitio  for fraction when interviewed 




plan to conduct a 10 minute lesson summary segment but decide to skip it.  Because 
these differences are important to capture, I explain how I took these complexities 
into account when I scored the classroom observation data.    
Scoring the Observation Data  
 One of the challenges in scoring the level of visibility of the math content, 
pedagogical content and pedagogical aspects of the prof ssional development is that 
each phenomenon occurs at different frequencies.  Pdagogical strategies, for 
example, were the most straightforward teacher actions to score.  In every lesson, 
teachers either state the lesson objective or not, pr be student thinking to some degree 
or not, and summarize the lesson or not.  The professional development offered 
specific questioning techniques – e.g., teachers wee encouraged to use probes like 
“Say more” and “Explain what Johnny did in your own ords” – that teachers used 
often.  The specificity and simplicity of the techniques made them easy to detect and 
quantify. However, the process was much less straightforward for capturing math 
content and pedagogical content teaching actions.  Compared with the pedagogical 
strategies, teacher actions that addressed the contnt and pedagogical content 
emphases of the professional development were much less visible.   
 Given this difference, I weighted each content andpe agogical content 
occurrence more heavily than the pedagogical aspect of the model.  In situations 
where items did not occur at all – e.g., fraction and decimal content was not a focus in 
ratio and proportion lessons – I excluded these items from the averages within and 
across the three general categories.   These phenomenological differences are why I 




possible, I used the structured content interview data to cross check the associated, 
but less visible, math content and pedagogical content classroom data.  The 
descriptive analyses in the next sections further outline how I analyzed the classroom 
observation data.       
Teachers’ Scores on the Observation Protocol 
 
 I observed each teacher five times over the course of the 2007-08 school year.  
The first three observations occurred when each teacher was working directly with 
the study’s instructional coach.  These lessons occurred immediately following a 
professional development seminar in which teachers planned and/or studied content 
relevant to the lessons they taught the following week.  Each lesson was between 80 
and 90 minutes in length and included a 20-30 minute meracy block and the 50-60 
minute lesson from CMP.  In the numeracy block, teachers reviewed a variety of 
topics and skills that appeared on the state assessment.  In the CMP block, teachers 
worked on an investigation or set of problems in the current unit.18  In terms of time, 
each observation was about twice the length of an average 40-45 minute middle 
school lesson. 
 One way to examine the level of evidence of the thr e types of knowledge 
during instruction is to look at average scores for teachers across the five lessons. 
Table 12 shows that, overall, all three teachers demonstrated between a low and 
moderate level of visibility of the core components of the model during instruction.  
                                                
18 Unlike traditional textbooks, which are chapter and lesson based, CMP is unit and investigation 
based.  Chapters typically take 2-3 weeks to complete and contain 7-10 lessons focusing on discrete 
topics.  Units typically take 4-5 weeks to complete and include 4-5 big investigations or problems.  
The investigations are linked together by a common unit theme.  Chapter lessons are linked as topics to 





These scores represent the weighted averages of the mat  content, pedagogical 
content and pedagogical knowledge across the five lessons.  For instance, Hamlin’s 
overall score of 1.9 represents the average of her math content (1.2), pedagogical 
content (2.3) and pedagogical knowledge (2.2) score, equally weighted.  Each of the 
three knowledge domains represents the average scors ac oss the five lessons.  
Hamlin’s and Smith’s averages of 1.9 and 1.7, respectively, were the highest and 
closer to moderate rather than low level of visibility.  Wiggins’s overall average of 
1.3 was closer to the low level of visibility.  These scores are consistent with the 
ordering from the extended content interviews. 
Table 12 
Level of Evidence of Teachers’ Use of Math Content, Pedagogical Content and 




Average 1 2 3 4 b 5 
Hamlin  1.9a 2.1 1.7 1.9 1.8 1.9 
Smith 2.0 2.1 1.6 1.8 1.2 1.7 
Wiggins 1.4 1.9 0.9 0.7 1.6 1.3 
Average 1.7 2.0 1.4 1.5 1.5 1.6 
a.  1.9 represents the average level of evidence for all items in the math content, pedagogical content and pedagogical knowledge 
components in the protocol for the first lesson observation.  This lesson was delivered in the presence of an instructional coach, 
where 0 = no evidence, 1 = weak level of evidence, 2 = moderate level of evidence, and 3 = strong level of vidence.   
b.  Columns 4 and 5 are shaded because they were observed after the professional development intervention had been withdrawn 
(i.e., the instructional coach was present in lesson  1-3 but not present in lessons 4 and 5).  
 
 When examining the overall averages for teachers for lessons in which they 
worked with an instructional coach, the averages were slightly higher when teachers 
were working with the coach than when they were not.  The average across the three 
teachers for the three lessons in which they worked with an instructional coach was 
1.7 versus an average of 1.5 for the lessons in which t e coach was not present (see 




professional development penetrated the classroom. H wever, analyzing the 
observation data by each core emphasis – math content, pedagogical content and 
pedagogical knowledge – and by each teacher provides a more fulsome explanation 
of the visibility of each component of the professional development in teachers’ 
instructional practices.  
 
Figure 12.  Average Level of Visibility of Professional Development in Lessons 
















                                    Presence of Instructional Coach 
Visibility of Mathematics Content in Teachers’ Lessons 
 
 The first category on the observation protocol wasthe visibility of teachers’ 
understanding of math content in the classroom.  As previously mentioned, teachers’ 
understanding of the content included the extent to which they used precise language 
and explanations, made explicit connections between concepts, provided rationales 
for why procedures work, and incorporated key ideas about either ratios and 




the study-emphasized math content was notably lower than the other two dimensions, 
pedagogical content knowledge and pedagogical knowledge (see Table 13).   
Hamlin’s, Smith’s and Wiggins’s averages for math content knowledge were lower 
than their averages in the other two categories, and quite low overall.  As with the 
overall averages in the structured content interview and in the classroom observation 
data overall, Hamlin, Smith and Wiggins, in descending order, exhibited the highest 
level of visibility of the math content during instruction.   
 
Table 13 




Average 1 2 3 4 b 5 
Hamlin    1.2a 1.8 1.3 1.6 1.4 1.5 
Smith   1.3 1.8 0.8 1.6 0.5 1.2 
Wiggins   0.8 1.5 0.5 0.5 1.0 0.9 
Average 1.1 1.7 0.9 1.2 1.0 1.2 
a.  1.2 represents the average level of evidence for the math content items in the protocol for the first lesson observation.  This 
lesson was delivered in the presence of an instructional coach, where 0 = no evidence, 1 = weak level of vidence, 2 = moderate 
level of evidence, and 3 = strong level of evidence.   
b.  Columns 4 and 5 are shaded because they were observed after the professional development intervention had been withdrawn 
(i.e., the instructional coach was present in lesson  1-3 but not present in lessons 4 and 5).  
 
Visibility of the Math Content in Hamlin’s Lessons 
 The average level of visibility of Hamlin’s understanding of the core content 
emphasized in the professional development was 1.5 or the low-moderate level 
overall.  The range across the five lessons with respect to math content was 0.6 – 
from 1.2 to 1.8. 
 The lesson where I rated Hamlin 1.2, or close to the low level of visibility, 




group of students would get more pizza, the students sitting at a table with four pizzas 
and 10 students or the students sitting a table with three pizzas and eight students (all 
pizzas on both tables were the same size).  
 The preceding three seminars, including one that occurred the day before this 
lesson, focused on ratio and proportion concepts.  As described in Chapter 4, the first 
day focused on ratio tables; the second day focused on strip diagrams; the third day 
focused on rate.  Since all three of these topics were relevant to the lesson, I was 
looking for any evidence of this content in the lesson.  For example, if the teacher 
referenced the definition of ratio, which gets at the idea that ratios are multiplicative 
rather than additive comparisons, it would be counted as evidence that the 
professional development content had influenced instruction.  Other examples include 
if the teacher 1) explained that comparison between pizzas and students was a rate, 
the type of ratio that compares different units, 2) made a connection to unit rate, 
which is a rate with a denominator of one (e.g., pizzas per one person or people per 
one pizza), or 3) used a strip diagram to illustrate how 3:8 and 4:10 compare when 
there was an equal number of students (e.g., 40).  Even though this problem was in a 
unit devoted to ratio and proportion and the recent professional development 
activities focused on ratio and proportion, I also lo ked for evidence of the study’s 
definition of fraction, since the pizza problem could be solved with fractions. 
  With these content possibilities in mind, I conducted the observation and 
ended up jotting down many more notes of “missed opportunities” than actual 
instances where the content manifested itself during instruction.  For example, during 




lesson, students shared publicly how they determined th  cost of 30 cans of soda if six 
cans cost $2.40.  One student said, “You’re trying to figure out what times six to get 
30.”  Since Hamlin often responded to students’ explanations with a comment or 
illustration, I expected her to explain or push the student to think about the definition 
of ratio, since this student was touching on the multiplicative relationship between the 
cans of soda and cost, or perhaps address the meaning of rate, since cans of soda and 
cost represent different units.  Two other possibilities would have been for Hamlin to 
put the student’s work into a ratio table, a representation that received considerable 
attention during the professional development, or to make a connection to the identity 
property of multiplication.  However, Hamlin made no mention of any of these ideas.   
 Initially, I attributed the avoidance of ratio conte t during this discussion to 
the nature of the activity.  It was only a “warm up” after all, so perhaps Hamlin would 
weave more of the math content into the full lesson, when she had more time.  But 
these connections rarely happened, or when they did, they were thin or under 
developed.  For example, as students were beginning to work on the pizza problem, 
she asked students to re-state what the problem was asking them to do.  One student 
raised his hand and said, “ratio table.”  Since the professional development 
emphasized ratio tables, I wondered how Hamlin would respond to this answer.  
Instead of pushing the student to think harder about what the lesson was about – e.g., 
find out which table yields the most pizza per person or something similar – she 
simply nodded and said “Ok.”  A ratio table is a representation that can be used to 
help students understand ratio and proportion concepts, including the content of this 




distinction, I would have coded the interaction as evidence of the content of the 
professional development impacting instruction.  Throughout the rest of the lesson, as 
students worked in groups solving the problem and as students presented their 
solutions toward the end of the lesson, I noted similar “missed opportunities” to make 
connections to the underlying math content.  Hamlin had planned to conclude the 
lesson with a brief summary statement, which would have been a final opportunity to 
make connections to the content, but she ran out of time. 
 Hamlin’s other four lessons generally were similar to this one in terms of the 
visibility of math content during instruction.  The one slight exception was the lesson 
in which Hamlin’s composite content score was 1.8, or closer to the moderate level of 
visibility.  In this lesson, Hamlin made more explicit connections to the underlying 
content during whole class discussions.  For example, when students were sharing 
their solutions to a problem that involved the ratio of boys to girls, one student said 
that he multiplied the girls and boys by 40 to arrive at the correct answer.  Instead of 
acknowledging the correct answer and moving on, Hamlin saw the student’s correct 
response as an opportunity to make sure students understood the identity property of 
multiplication.  The problem asked students to determine the number of boys in the 
school if the ratio of girls to students was 3 to 7 and there were 280 students in the 







=x .  
Hamlin said, 
But why does this work? … What do you notice about what I’m multiplying 
by?  What do we know about the value of 40
40 ?  (Students, in unison, respond 





Because Hamlin made this link and some other connections to the math content 
during the lesson, she scored closer to the moderate level of visibility.  However, like 
I did during the other lessons, I recorded in my field notes many missed opportunities 
or weak connections to the study content, which the lesson with the highest visibility 
of the content still fell below the moderate level. 
Visibility of the Math Content in Smith’s and Wiggins’s Lessons 
 The visibility of the math content across Smith’s and Wiggins’s lessons was 
close to the “weak” level.  Smith’s overall average was 1.2 and Hamlin’s 0.9.  The 
range across Smith’s five lessons was 1.1 – from 1.6 to 0.5 – while the range across 
Hamlin’s lessons was 1.0 – from 1.5 to 0.5. 
 In the lessons where the visibility of the content was lowest, at the 0.5 level – 
Smith had one lesson at this level and Wiggins had two lessons at this level – 
connections to the core content were extremely rare.  My field notes for all three of 
these lessons mostly describe missed opportunities for making connections to the 
study content.  For example, in Smith’s lesson at the 0.5 level, students solved an 
extended warm up problem in which they were asked a series of questions about the 
Exxon Valdez oil spill.  Part of the problem required students to estimate the total 
number of gallons of oil that were lost from the tanker based on the total capacity of 
the tanker.  Smith could have explained to students that the problem involved a rate, 
the amount of oil lost over a given amount of time, and reinforced students’ 
understanding that rates are types of ratios that compare different units.  Or, he could 




gallons of oil spilled with the total gallons of oil in the tanker.  However, he made no 
such connections.   
 Both of Wiggins’s lessons at this level contained similar missed opportunities.  
One of the lessons included an extended problem where students had to write and 
manipulate an equation related to a CD club.  In order to join the club, students had to 
pay $30 for a membership and then $15 per month.  Students solved several problems 
where they were given the number of months and had to find the total cost or where 
they were given total cost and had to find the number of months.  Initially, I thought 
Wiggins was going to make a strong connection to rate, which is a core part of the 
problem:  $15 per month is an example of a unit rate.  She asked the class, “Is there a 
constant rate of change in this problem?”  One student raised his hand and said, “15m 
or 15 times m.”  While the student had given the correct answer, Wiggins didn’t 
elaborate on why the student’s correct response illustrated a constant rate.  She might 
have questioned the student further or said something like the following: 
Right.  We know that a rate is a type of ratio that compares two different 
units.  What are the two different units in this problem?  The amount of 
money (dollars) and time (months).  And what is consta t about this 
situation?  For every month, you have to pay $15.  It’s a constant rate.  
 
Instead of responding in this or a similar way, shequickly moved to the next part of 
the lesson.  This lesson also illustrated Wiggins’s u e of informal rather than precise 
mathematics terminology.  When Wiggins was helping students write an equation 
when they were given the total cost of the CD, she said, “if we mush all of this 
together, we can get an equation.”   By “mushing” she meant combining the constant 




description is an example of a missed opportunity to use more precise, and 
conceptually relevant mathematical language. 
 In the lessons where the visibility of the math content was higher – Smith’s 
highest score was 1.6 and Wiggins’s highest score was 1.5 – both teachers made some 
connections to the study content.  One of the two lessons where Smith scored at the 
1.6 level included the previously described pizza problem, where Wiggins scored at 
the 1.8 level.  Smith had his students solve the problem in small groups.  When Smith 
was circulating the classroom monitoring the small group work, he encountered a 
group that was completely stuck.  To try and help them get unstuck, he said, “Let’s 
think about what a ratio is.”  He then used an example like Hamlin had used in her 
warm up problem, where she asked students to estimate the number of girls in the 
school when the ratio of boys to girls and the total number of students were given.  
With this example, he was trying to gets students to see that both situations had 
multiplicative relationships:  pizzas per person (or people per pizza) and girls to boys.  
He asked the students, “What is the ratio here?  What is remaining constant?”  By 
asking students to think about what is constant, Smith was trying to get students to 
see that ratios were multiplicative rather than additive comparisons.  If Smith had 
extended this conversation and explained to students how the constant comparison 
represented a multiplicative relationship, the visibility of the math content would have 
been higher.  Instead, Smith moved students in the rig t direction but didn’t fully 
articulate the core content. 
 Wiggins’s lesson with the highest visibility of the content – 1.5 – included a 




of the content still fell between low and moderate, Wiggins did touch on two aspects 
of the content emphasized in the professional development: 1) distinguishing between 
the two types of division, i.e., measurement (how many groups?) versus partitive 
(how many in each group?) division, and 2) understanding that multiplication and 
division are inversely related, i.e., every multiplication problem can be rewritten as 
two, related division problems.  For example, she us d the equation 4 x 5 = 20 and 
the two related division problems 20÷5 = 4 and 20÷4 = 5 to show students how 
multiplication and division were inversely related.  The teachers completed a 
professional development activity with this emphasis.  She also discussed with 
students how division could be interpreted as “how many groups” of something, 
which was addressed in the professional development.  These interactions elevated 
the visibility of the math content in Wiggins’s lessons to the low to moderate level. 
Visibility of Pedagogical Content in Teachers’ Lessons 
 
 Compared with the math content emphasized in the prof ssional development, 
the overall visibility of teachers’ pedagogical conte t knowledge was notably higher 
for all three teachers.  Pedagogical content knowledge refers to the extent to which 
teachers are able to identify and debug student misconceptions, use multiple 
representations of concepts, and make connections among student errors or 
approaches.  Table 14 displays the visibility of pedagogical content knowledge for all 
three teachers across the five lessons. 
 Unlike the visibility of the math content, all three teachers taught lessons that 
exceeded the moderate level of visibility.  The overall average visibility of the 




visibility.  As with the math content, in order to get a clearer sense of what these 
averages mean.  I analyze some examples from each ter’s lessons. 
Table 14 




Average 1 2 3 4 b 5 
Hamlin   2.3a 2.3 2.3 2.3 2.3 2.3 
Smith 2.0 2.3 1.7 1.7 1.3 1.8 
Wiggins 1.7 1.7 1.0 0.7 2.3 1.5 
Average 1.9 2.1 1.7 1.6 2.0 1.9 
a.  2.3 represents the average level of evidence for the pedagogical content items in the protocol for the first lesson observation.  
This lesson was delivered in the presence of an instructional coach, where 0 = no evidence, 1 = weak lvel of evidence, 2 = 
moderate level of evidence, and 3 = strong level of vidence.   
b.  Columns 4 and 5 are shaded because they were observed after the professional development intervention had been withdrawn 
(i.e., the instructional coach was present in lesson  1-3 but not present in lessons 4 and 5).  
 
Visibility of Pedagogical Content in Hamlin’s Lessons 
 The visibility of the pedagogical content elements i  Hamlin’s lessons was 
remarkably consistent:  she scored at the 2.3 levelin each of the five lessons I 
observed.19  Unlike Hamlin’s score on the math content, where I coded numerous 
missed and under-utilized opportunities to make connections to the study content, 
Hamlin consistently used multiple representations of concepts and often made 
connections among student approaches.  She occasionally identified and debugged 
student misconceptions; if I had observed more instances in which she dealt with 
student misconceptions, the level of visibility would have been closer to strong than 
moderate.   
                                                
19 The pedagogical content average of 2.3 is based on averaging the scores from the three sub-domains:  
teachers’ (1) ability to identify and debug student misconceptions, (2) use of multiple representations, 
and (3) ability to make connections among student errors or approaches.  Though Hamlin received a 




 To illustrate Hamlin’s consistent use of multiple representations, consider the 
previously described pizza problem, which Hamlin taught twice.  In both lessons, she 
encouraged students to solve the problem using the approach that made the most 
sense and then required students to explain their thinking.  Students used a variety of 
approaches and associated representations, which Hamlin had groups of students 
share with the rest of the class.  For example, one group of students put the following 
representation on the board: 
 
The student reporting for the group said that the picture showed that each of the eight 
people sitting at the table with three pizzas would get one piece from each pizza.  
Since each piece represented 1/8 of one pizza, each student sitting at the table with 
three pizzas would get 3/8 of one pizza.  The student then said that the same 
illustration could be used for the table with four pizzas and ten students, which would 
show that each student would get one slice sized 1/10 from each of the four pizzas, or 
4/10 of a pizza overall. 
 Another group used percents to solve the problem.  They converted the 
fractions 3/8 and 4/10 into 37.5 and 40 percent, respectively.  Though they didn’t 
draw a picture or use a model to illustrate the concept of percent, they did explain 
why their numeric approach was valid.  Another student wrote her two ratio tables on 




her paper, which the teacher acknowledged but did not have the student present 
publicly.  The first table contained the number of pizzas and people at the small table: 
 
Pizzas 3 6 9 12 15 
People 8 16 24 32 40 
 
The second table contained the number of pizzas and people at the large table: 
Pizzas 4 8 12 16 
People 10 20 30 40 
 
I assumed the student was trying to illustrate that when the number of pizzas is held 
constant – at 12 pizzas in this case –fewer people share the pizzas in the large table 
(30) compared to the small table (32).  Thus, the sudents at the large table would 
each get a little bit more pizza. However, the student then created two ratios from the 
tables, 30/40 and 32/40.  It wasn’t clear to me (or the teacher) what these ratios were 
representing.  Yet, since Hamlin encouraged the use of a table, I scored the episode as 
a case where the use of multiple representations was highly visible. 
 These sorts of episodes, where students were encouraged to solve problems in 
ways that made the most sense to them, were common in Hamlin’s lessons.  Hamlin 
also regularly encouraged students to make connections o each other’s work.  She 
made these connections happen in two ways: by organizing students into small groups 
and having students share their approaches with other group members and by 




lesson.  In both of these cases, I frequently coded Hamlin pushing students to think 
about their work and connect their approach to previous content or other student 
approaches.  For example, one student said his group divided 4 by 10 and got 40% of 
one pizza. Hamlin encouraged the group to consider an alternative way to verify that 
their answer was correct.   In another lesson, during an extended warm up problem 
where kids were matching an equation with a table and a graph, Hamlin asked 
different groups to share their answers.  During the discussion, she said, “Can 
someone restate what he just said?  Who can tell us which graph works?”  These sorts 
of interchanges, where Hamlin called on a student or a group of students to respond to 
another group’s approach were quite common. 
 In contrast to lesson episodes in with a relatively high visibility of multiple 
representations and connections among student approaches, lesson episodes in which 
Hamlin both identified and debugged specific student misconceptions were 
uncommon.  In all five of the lessons I observed, Hamlin rarely articulated specific 
student misconceptions and even more rarely explained the underlying source of the 
particular misconception.  It is quite possible, perhaps even quite likely, that Hamlin 
identified more student misconceptions than I was able to code, since she spent a lot 
of time circulating among groups and encouraging them to think about their work.  
But since I coded few interchanges where she identifi d particular misconceptions to 
small groups of students or to the whole class, I rated these lessons at the no or low 
visibility level.  These lower scores on this dimension of pedagogical content 
knowledge were why Hamlin’s overall pedagogical content score was closer to the 




Visibility of Pedagogical Content in Smith’s Lessons 
 Like Hamlin, Smith scored highest on the pedagogical content knowledge 
component for a single lesson was 2.3.   Unlike Hamlin, who reached this level in all 
five lessons I observed, Smith reached this level only nce.  Smith’s other lessons 
ranged from 1.3 to 2.0, yielding an overall average of 1.8, or slightly below the 
moderate level of visibility. 
 In the lesson where Smith reached the 2.3 level, he encouraged students to use 
multiple approaches to solve the previously described CD club problem and he made 
connections among various student approaches.  Recall that the CD problem asked 
students several questions about the club if the total c st of membership included a 
$30 enrollment fee and $15 per month thereafter.  In Smith’s lesson, students used 
three primary approaches to solve the problem:  guess and check, division, and a 
table.  Smith either posted or had students post examples of each approach and then 
led a discussion about each one.  The students who used the guess and check 
approach inserted various guesses for the number of months enrolled in the club into 
equation $195 – $30 = 15n, where n equaled the number of months enrolled in the 
club.  They eventually arrived at the correct answer, 11, which was the point at which 
the total cost of the club – joining fee plus monthly membership – equaled $165.  
Smith displayed this approach to the rest of the class.   
 The students who used division first subtracted th enrollment fee of $30 and 
then divided $165 by 15 to get the number of months enrolled in the club.  In 





                                      11     x     15     =     165 
                               “groups of” 
He then responded to the class, 
What does this represent?  Does it mean how many 15s are in 165? [Then he 
turned to specific students, who had also used division]  Christy, do you agree 
and why?  Kim and David, does this make sense to you?  
 
Though a complete representation of the measurement or “how many groups” 
interpretation of division might have included a picture,20 Smith did illustrate with an 
arrow which number in the problem could be thought of as “the number of groups.”   
He also made an effort to connect several student appro ches during this episode.  
Connecting multiple student approaches illustrates nother aspect of pedagogical 
content knowledge. 
 The third group of students created a two-column table, with one column for 
the number of months enrolled in the club and the second column for the total cost of 
club membership.  Mr. Smith had one of the students write the table on the board: 
Months 0 1 2 3 4 5 6 
Cost 30 45 60 75 90 105 120 
 
The student then explained that with each additional month, they added $15 until they 
got to $165.  Even though their table did not extend all the way to $165, the student 
said that their group used the pattern to arrive at the correct answer of 11 months.  
                                                
20 In the professional development, the teachers discussed partitive and measurement division using 
pictures such as these (6÷3 = 2):          versus  | |     
                                                                       | |  
The first picture shows measurement division or “how many groups of three?”   The second picture 




Smith asked this group where the down payment appeared in their table and one 
member of the group said that the first column represented the $30 down payment. 
 Though the level of visibility of the use of multiple representations and 
connections to student approaches was high in this lesson, the visibility of identifying 
and debugging student misconceptions was low in this lesson, which is why Smith’s 
overall average was closer to the moderate than high level.  Smith’s other lessons 
varied in the extent to which the pedagogical content emphases of the professional 
development were visible.  In general, however, the use of multiple representations 
and connections among student approaches was more visibl  than the identification of 
particular student misconceptions.    
Visibility of Pedagogical Content in Wiggins’s Lessons 
 Like Hamlin and Smith, the highest level of visibility of the pedagogical 
content in Wiggins’s lessons was 2.3.  She reached this level once, in the last lesson I 
observed.  Wiggins’s other lessons ranged from 0.7 to 1.7.  Her overall average was 
1.5, or at the low moderate level of visibility. 
 The lesson where Wiggins scored at the 2.3 level was the previously described 
pizza problem.  She included many of the same repres ntations that Hamlin did when 
she taught the same problem.  For example, one of the groups divided the pizzas into 






They explained that a student sitting at the table with four pizzas would get more 
pizza than a student sitting at the table with three pizzas because of the large table had 
40 slices and the small table only had 24 slices.  This representation allowed Wiggins 
to address the group’s misconception with a question: “But what about the size of 
each piece?”  She could have asked the group to think about the number of people per 
table, but the prompt got students to think about hw they arrived at their answer. 
 Two other groups used the same representation but they divided the pizzas 
into different sized pieces.  One of the groups divided all seven pizzas – the three at 
the small table and the four at the large table – into quarters.  The student representing 
the group said that all students would get the same ount – one quarter of a pizza – 
even though both tables had leftover quarters of pizza.  Wiggins used their picture in 
her follow up question, in which she asked students to address how the leftover pieces 
should be distributed.  The other group divided twoof the three pizzas at the small 
table into quarters and the third pizza into eighths.  The group spokesperson said that 
every student at this table would get a quarter and an eighth: 
 
24 slices total 






The group divided each of the four pizzas at the large table into fifths and said that 
each person would get two-fifths or 40% of one pizza. 
 Another group converted the pizzas and people at each table into unit rates.  
They found that the small table had6.2 people per pizza and the large table 2.5 people 






, in which the first fraction represented the small table and the second 
fraction the large table.  Since Wiggins required all groups to explain their thinking 
and show their work publicly, the use of multiple rep esentations was highly visible 
in this lesson. 
 Like Hamlin and Smith, Wiggins was less likely to identify and debug 
specific student misconceptions than present multiple representations and make 
connections among student approaches.  However, in the two lessons where the 
visibility of pedagogical content knowledge was very low, I recorded few instances in 
which multiple representations or connections among student errors or approaches 
occurred.   
Visibility of Pedagogical Knowledge in Teachers’ Lessons 
 
 Like the visibility of pedagogical content emphasized in the professional 
development, the visibility of the pedagogical strategies during instruction was 
4
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noticeably higher than content.  Pedagogical knowledge refers to the extent to which 
teachers state the mathematics focus or objective of the lesson, encourage students to 
pursue multiple solution strategies, ask students to justify or extend their answers, ask 
students to engage in each other’s reasoning, and provide lesson summary or closure.  
Table 15 displays the visibility of pedagogical knowledge for all three teachers across 
the five lessons. 
Table 15 




Average 1 2 3 4 b 5 
Hamlin 2.2 2.2 1.4 1.8 1.6 2.0 
Smith 2.6 2.2 2.3 2.0 1.8 2.2 
Wiggins 1.8 2.4 1.2 1.0 1.4 1.6 
Average 2.2 2.3 1.6 1.6 1.6 1.9 
a.  2.3 represents the average level of evidence for the pedagogical content items in the protocol for the first lesson observation.  
This lesson was delivered in the presence of an instructional coach, where 0 = no evidence, 1 = weak lvel of evidence, 2 = 
moderate level of evidence, and 3 = strong level of vidence.   
b.  Columns 4 and 5 are shaded because they were observed after the professional development intervention had been withdrawn 
(i.e., the instructional coach was present in lesson  1-3 but not present in lessons 4 and 5).  
 
 The overall average visibility of the pedagogical strategies was 1.9, or close to 
the moderate level.  This number is equal to the overall average level of visibility for 
the pedagogical content knowledge component.  Smith’s and Wiggins’s averages of 
2.2 and 1.6, respectively, were their individual highest levels of visibility for the math 
content, pedagogical content and pedagogical components of the observation 
protocol.  Hamlin’s average of 2.0 was lower than her 2.3 pedagogical content 
average but higher than her 1.5 math content average.  The pedagogical knowledge 
dimension is the first time in which Hamlin did not have the highest overall average; 




dimensions, it is useful to look at specific examples from lessons to understand more 
about what these averages mean. 
Visibility of Pedagogical Strategies in Hamlin’s Lessons 
 Among the pedagogical strategies visible in Hamlin’s lessons, encouraging 
students to pursue multiple solution strategies and justify or extend their reasoning 
were highly visible in all lessons.  In each lesson I bserved, Hamlin encouraged the 
use of multiple solution strategies and asked probing questions throughout each 
lesson.  I routinely coded questions and probes such as “Say more about that,” “Tell 
me why,” and “What does your answer mean?”  She was relentless, at times, with her 
questioning of individual students who were struggling with the material.  During 
these episodes, it became impossible to write down all the questions she asked 
because of how quickly they were asked.  A conservative estimate of the average 
number of probing questions Hamlin asked per lesson is 50. 
 Hamlin also encouraged students to engage in each other’s reasoning, but 
these episodes were much rarer than instances when Hamlin directly engaged in 
students’ reasoning.  She stated the mathematical fo us of the lesson regularly – she 
did this in four of the five lessons I observed –  but the quality and clarity of the 
lesson objective varied somewhat.  What is most striking, however, about Hamlin’s 
use of the pedagogical strategies emphasized in the prof ssional development is that 
she never provided a summary statement at the end of any lesson.  Even when Hamlin 
and the instructional coach planned specifically for the lesson summary or closure 
piece of a lesson – they did this twice – Hamlin never reached that point of the lesson.  




that Hamlin’s avoidance of closure is common among U.S. teachers.  Compared to 
their Japanese counterparts, U.S. 8th grade teachers rarely provided lesson closure.  
 One hypothesis for why Hamlin avoided lesson closure is that summarizing 
the lesson could be considered one of the more difficult tasks in teaching, particularly 
in lessons in which students use multiple approaches to solve a problem.  
Summarizing these types of lessons is difficult because the teacher must be mindful 
of various student approaches and misconceptions as they relate to the core 
mathematics of the lesson.  Though a lesson summary is  general pedagogical 
technique, it is also heavily dependent upon the content for these reasons.  If lesson 
closure is treated as a content activity and removed from the pedagogical component, 
Hamlin’s pedagogical score jumps from 2.0 to 2.4, or between the moderate to high 
level of visibility. 
Visibility of Pedagogical Strategies in Smith’s Lessons 
  Smith had the highest overall level of visibility of the pedagogical 
components, 2.2, or above the moderate level.  Unlike Hamlin, who never reached 
closure in any of the lessons I observed, Smith summarized three of the five lessons I 
observed.  He also consistently encouraged students to pursue multiple solution 
strategies and routinely asked students to justify their thinking. 
 Smith commonly used the questioning techniques and prompts emphasized in 
the professional development, such as “Say more about that,” “Can you restate 
[Johnny’s] answer in your own words,” and “Say why.”   For at least part of all the 
lessons I observed, he circulated the room and pushed individual students and small 




rapidly as Hamlin, but he did consistently ask students to justify their thinking.  For 
example, when Smith taught the pizza problem, one of the groups of students got 
stuck because they divided all pizzas at both tables into tenths, instead of dividing the 
pizzas at the table with 10 people into tenths and divi ing the pizzas at the table with 
8 pizzas into eighths.  They were able to show that students at the large table would 
each get 4/10 of a pizza, but when they started numbering off the slices at the small 
table from 1 to 10, they realized that it didn’t come out evenly.  Smith responded with 
the following:  
What if they bring out this other pizza and split it nto 8ths?  Would that be 
possible?  What would you then do with 4/10 and 3/8?  How do they 
compare? 
 
These sorts of interchanges were common in Smith’s lessons.  He was comfortable 
asking students to explain their thinking, and the pedagogical techniques emphasized 
in the professional development seemed to complement th  questioning techniques he 
ordinarily used with students. 
Visibility of Pedagogical Strategies in Wiggins’s Lessons 
 Compared with the visibility of the math content ad pedagogical content 
aspects of the professional development model in Wiggins’s lessons, the visibility of 
the pedagogical strategies were more visible.  Her ov all average was 1.6 or between 
the low and moderate levels of visibility, but she scored as high as 2.4 on a single 
lesson.  Like Hamlin and Smith, she regularly asked stu ents to use multiple 
approaches and somewhat consistently asked students to justify their thinking and 




 The lesson where Wiggins scored a 2.4 featured the CD club problem.  She 
managed to elicit seven different approaches to the problem from students and small 
groups of students.  As she circulated the classroom m nitoring student work, she 
routinely asked students to “Say why,” and show their work.  When two students 
were confused about how one of the groups got 11 months from their table, she said, 
“How are your table and their approach similar?  When you were in elementary 
school, didn’t they say that multiplication was repeated addition?”  These sorts of 
interchanges were common in this lesson, where Wiggins asked students to engage in 
each other’s thinking.  She also delivered a brief lesson summary statement, after 
students had presented the seven ways they had come up with to solve the problem. 
 In many of the other lessons, however, the pedagogical elements of the 
professional development were less visible.   Part of the reason that the overall 
visibility was lower was due to the absence of closure or lesson summary statements.  
The only lesson that Wiggins closed was the previously mentioned CD problem.  
Another reason was that Wiggins only sporadically encouraged students to pursue 
multiple approaches to solutions.  Another explanatio  could be the presence of the 
instructional coach.  Both Smith and Wiggins had higher pedagogical scores during 
lessons in which they worked with the study coach. 
Level of Student Engagement during Q and A Episodes 
 Though my primary focus during the classroom observations was teachers’ 
use of the information and strategies emphasized in the professional development, I 
also kept track of the level of student engagement during each lesson.  At the end of 




were engaged for most of the lesson (see Appendix A for complete description).  
During the question and answer episodes, in which all t ree teachers employed the 
pedagogical techniques emphasized in the professional development, I noticed that it 
was difficult for teachers to keep the whole class engaged.  For example, Hamlin’s 
use of questioning with an individual student or small group of students was 
relentless at times.  She would push a student or small group of students to explain 
their thinking for several minutes on many occasion.  However, while Hamlin was 
focused on getting these students to think harder about their approach, she was not 
able to keep track with what other students were doing.  Many of the students were 
off task or waiting for Hamlin to make it around to their group.  I coded the 
overwhelming majority of these episodes as only 25% or 50% of the class being 
engaged.  I noticed a similar pattern in Smith’s and Wiggins’s classroom.  Both used 
questioning strategies but were only able to focus on the student or small group of 
students being interrogated.  
 The professional development intervention focused primarily on teachers’ use 
of questioning techniques that were targeted to an individual student or small group 
of students, not on techniques that could be used to keep the rest of the class engaged 
while they interrogated a few students.  Thus, the primary emphasis of this section is 
on the extent to which teachers used those pedagogical strategies during instruction.  
However, I raise this issue because I think it is important to portray both the 
behaviors of the teacher and student(s) who are at the center of the question and 
answer episode as well as the behaviors of the rest of the students in the class, since 




Sources of Variation among Teachers’ Responses 
 
 The previous discussion included many examples in which teachers varied in 
the extent to which they integrated into their instruc ional routines the core content, 
pedagogical content, and pedagogical components of the professional development 
model.  This section examines and is organized around two general types of variation:  
variation across the different components of the professional development model, and 
variation among teachers. 
Variation Across Different Components of the Model  
 The preceding sections illustrated that the pedagogical content and 
pedagogical elements of the professional development w re more visible than the 
math content elements in teachers’ instructional prctices.  Three possible hypotheses 
for this variation include a) the complexity of the content – e.g., the math content is 
more difficult for teachers to articulate than a brief pedagogical technique, b) the 
nature of the phenomena – e.g., teachers have feweroppo tunities to demonstrate 
their understanding of the content than a questioning technique, and c) whether or not 
the instructional coach was involved in the planning a d delivery of the lesson.  
 Complexity of the content.  The analyses in Chapter 5 showed that all three 
teachers struggled to comprehend aspects of the math con ent emphasized in the 
professional development.  In particular, they had trouble articulating ratio and 
proportion content as well as making connections across rational number topics.  
Given that at least three of each teacher’s five lessons focused on ratio and proportion 
content, it is not surprising that very few teaching episodes included a correct 




included extended problems that could be solved a number of different ways and 
could use a number of different rational number concepts.  For example, the pizza 
problem, which all the teachers taught at least once, could be solved with fractions, 
decimals, percents or ratios.  None of the teachers made strong connections across 
these rational number topics when they taught this problem, perhaps because they 
lacked sufficient knowledge to articulate these connections. 
 Compared with the mathematics content emphasized in the professional 
development, the pedagogical strategies were less complex and therefore easier for 
teachers to digest.  Chapter 5 included study definitions of fraction, decimal and ratio 
that incorporated algebraic notation and precise langu ge.  Most of these definitions 
were new to teachers and they had trouble articulatng them.  In contrast, the 
pedagogical strategies and discussion techniques were oft n short sayings, such as 
“Say more about that,” or “Tell me why,” or “Tell me what [Johnny] said in your own 
words.”  All three teachers used these sayings frequently in all the lessons I observed, 
at least in part because they were easy to remember and they supported the type of 
instruction these teachers typically delivered. 
 The apparent higher complexity of the math content is also revealed when 
examining the individual teaching behaviors that comprise the pedagogical content 
and pedagogical components of the professional development.  Some of the teaching 
behaviors in each component are more heavily dependent on the content than others.  
For example, in the pedagogical content strand, teachers generally encouraged 
students to take multiple approaches and discussed multiple representations of 




lesson, identifying and debugging specific student misconceptions require a stronger 
level of understanding of the content.  The observation data support this assumption:  
the level of visibility of teachers debugging students’ misconceptions was notably 
lower than the other teaching behaviors that comprised the pedagogical content 
component of the observation protocol.   
 Within the pedagogical component of the model, the lesson summary or 
closure piece is heavily dependent on teachers’ understanding of the core math goal 
of the lesson and their ability to synthesize various student approaches and 
misconceptions related to the problem.  Compared with the other pedagogical 
teaching behaviors, lesson summaries were extremely rare.  Hamlin never 
summarized a lesson and Wiggins only summarized one lesson.  Smith reached 
closure in three of the five lessons I observed.  One possible explanation for why 
Smith reached closure is that he appeared to be the most structured and systematic of 
the three teachers in his lesson planning and delivery.  In fact, the coach commented 
that Smith’s lesson organization skills were advanced in comparison to the other two 
teachers.  Running out of time is a plausible explanation for why teachers did not 
typically summarize lessons, but it is also possible that they avoided closure because 
it was difficult.  Hamlin illustrated this point during the episode described in Chapter 
5, in which she asked the coach for specific guidance i  articulating student 
misconceptions toward the end of pizza problem lesson.  Even though Hamlin had the 
strongest level of knowledge among the three teachers, she still found the summary 




 CMP lesson structure.  The district text, CMP, employs a three-part lesson 
structure:  launch, explore and summarize.  The launch is the brief lesson opening in 
which the teacher describes the context of the problem to be solved.  The explore 
portion of the lesson is an extended period of time in which students work on an 
investigation or a series of problems independently or in small groups.  The teacher’s 
role during the explore period is to monitor student progress by asking questions 
and/or by clarifying parts of the task.  The teacher is not supposed to do the work for 
the students; the program is based on giving studens a substantial amount of time to 
work on intellectually challenging problems.  The summarize portion of the lesson, 
like the launch, is much shorter than the explore tim .  Teachers are expected to make 
connections among student approaches and articulate the core content of the lesson. 
 These characteristics of the CMP lesson structure impact the extent to which 
the math content, pedagogical content and pedagogical components of the 
professional development are visible during instruction.  The pedagogical techniques 
and questioning strategies, such as “Say more about that,” or “Say why,” are not only 
less complex than the math content, but also more applic ble to the longest segment 
of each lesson, the explore period.  Teachers were much more likely to use these 
pedagogical prompts as they circulated among groups f students than to provide 
succinct explanations or refer to study definitions.  Thus, the frequent coding of these 
questions was partially due to the fact that students spent a lot of time in activities 
where these techniques were applicable. 
 Similar to the pedagogical techniques, the pedagogical content elements of the 




approaches, etc. – also fit well with CMP because many of the tasks can be solved in 
multiple ways and students are expected to share their thinking.  In contrast to the 
brief summarize portion of the lesson, in which teachers state the core mathematics 
content of the lesson as it relates to student appro ches, other, longer portions of the 
lessons provided teachers regular opportunities to demonstrate aspects of pedagogical 
content knowledge.  In addition, the summarize portion of the lesson was often 
skipped, so opportunities for teachers to demonstrate heir understanding of the core 
math content during instruction were reduced.  These aspects of the CMP lesson 
structure are another source of variation in the visibil ty of the math content, 
pedagogical content and pedagogical components of the professional development.  
 Presence of an instructional coach.  Three of the five lessons I observed for 
each teacher occurred when the teacher was under the guidance of the study-
appointed instructional coach.  I conducted the last two observations for each teacher 
approximately 10 weeks after the coaching component was completed.  In general, 
the presence of the coach did not appear to affect th  visibility of the math content, 
pedagogical content and pedagogical elements of the prof ssional development in 
teachers’ lessons.  Hamlin’s and Wiggins’s overall averages of 1.9 and 1.3, 
respectively, were essentially the same for the coach and non-coach lessons.  Smith’s 
coach and non-coach averages were somewhat different, however.  Smith averaged 
1.9 or essentially the moderate level of visibility in the lessons where the coach was 
present but averaged 1.5 or between the low and moderate levels of visibility in the 




contributed to the higher levels of visibility for Smith, though it is difficult to know 
for sure. 
Variation Among Teachers 
  The previous section outlined ways in which differences among the 
components of the model might have contributed to the variation in the visibility of 
the professional development during instruction.  This section examines potential 
sources of variation among the three teachers, such as teachers’ knowledge and their 
beliefs about mathematics teaching and learning. 
 Teachers’ knowledge.  Though all of the teachers’ average scores were blow 
the moderate level of understanding on the structured content interview, Hamlin’s, 
Smith’s and Wiggins’s scores on this instrument varied.  Hamlin’s overall average of 
1.9 was notably higher than Smith’s 1.5 and Wiggins’s 1.3, but it is difficult to 
distinguish between Smith’s and Wiggins’s level of understanding.  The visibility of 
the study-emphasized content during instruction followed the same pattern as the 
structured content interview:  Hamlin scored highest (1.5), followed by Smith (1.2) 
and Wiggins (0.9).  Thus, content knowledge is one pot ntial source of variation 
among teachers’ scores on the observation protocol.  Hamlin demonstrated the 
highest level of understanding on the structured content interview and therefore 
probably had more information to draw upon during istruction.  Hamlin also had the 
highest average level of pedagogical content knowledge (2.3) on the classroom 
observation protocol.  Since the structured content interview contain parts of 




concepts, it is possible that knowledge affected th level of visibility of pedagogical 
content during instruction. 
 Teachers’ beliefs.  Two other potential sources of variation are teach rs’ 
attitudes toward learning mathematics content and promoting student understanding 
and teachers’ level of agreement with the instructional practices espoused by the 
professional development.  The first potential source of variation, teachers’ attitudes 
and beliefs about learning, might have contributed to Hamlin’s higher scores on the 
observation protocol.  As discussed in Chapter 5, Hamlin displayed an eagerness to 
learn that was far more intensive than the other two teachers.  Not only did she 
display this fervor for learning during the workshops – recall the episode in which 
Hamlin had the right answer but was unsatisfied because neither she (nor the coach) 
knew why her answer was correct – she displayed it in the classroom.  On more than 
a few occasions, Hamlin expressed frustration over how little her students appeared to 
be learning.  During one lesson, she asked the coach f r direct feedback – “What am I 
doing wrong?” After another lesson, she spent time doing extra research on how 
students learn.  She read a journal article about Piaget that night and reported back to 
me the following morning about what she had learned.  
 It is possible that these attitudes and behaviors increased the visibility of the 
core content in Hamlin’s lessons.  Though all three teachers employed the 
pedagogical techniques, such as asking students to explain their thinking, Hamlin’s 
level of questioning was more rapid and persistent than the other two teachers.  This 
behavior is consistent with the tenacity she approached learning the content.  She also 




rational numbers outside the professional development.  She said that she consistently 
read excerpts from John Van de Walle’s (2007) book Elementary and Middle School 
Mathematics:  Teaching Developmentally.  The professional development provider 
gave all teachers a copy of the book and had teachers read short excerpts for 
homework assignments during the professional development.  Hamlin said that she 
used the book as a resource that went well beyond the brief homework assignments.  
Thus, Hamlin’s eagerness to learn may have contributed to the knowledge she 
obtained, which may have contributed to the increased visibility of certain elements 
of the professional development during instruction.        
  A second type of belief or attitude is teachers’ appraisal of the district text 
(CMP) and its associated instructional practices.  All three teachers expressed 
concerns about the CMP curriculum being right for their students.  Hamlin said that 
CMP and the district’s vision for teaching and learning focused too much on 
conceptual understanding and not enough on procedural fl ency: 
I think there needs to be a balance…between conceptual development and 
procedural fluency…the [balance] has tipped in favor of conceptual 
understanding...our kids don’t know their multiplication tables; they don’t 
know the meaning of division even though they’ve ben in conceptual things 
forever. 
 
However, she still thinks conceptual understanding is important and said that CMP 
contained “very rich problems that get kids to think about the mathematics.”  Smith, 
too, had concerns about the CMP approach.  He said that CMP “is not a great fit,” 
because students do not have the skills to solve the problems successfully.  However, 
Smith said that the professional development was helpful because it described the 




strategies – “Say more,” “Say why,” etc. – supported the pedagogical techniques 
promoted in CMP.  Wiggins echoed Hamlin’s and Smith’s concerns about the lack of 
skill practice in CMP:   
I think there needs to be a mix of the two [concepts and skills].  I think 
[students] need that conceptual to fall back on but I think CMP is very much 
lacking in time to practice and perfect the skills…the kids don’t ever have 
time to put it in their brain. 
 
But like Hamlin, Wiggins thought that the CMP problems were good and that a total 
skill-based problem would be bad for her students, even though the majority lacked 
basic skills. 
 The consistency of these beliefs – that CMP contained good conceptual 
problems but not enough attention to skills – is perhaps why none of the teachers 
delivered what I would refer to as a complete CMP lesson.  By a complete lesson, I 
mean that the teacher knows what the core math goals of the lesson are, keeps track 
of the extent to which students understand the goals, and succinctly summarizes the 
key student approaches as they relate to the core math goals.  All three of the 
teachers, though somewhat less in Hamlin’s case, supplemented CMP with skill 
practice during the first 20 minutes of each lesson.  If they had determined that this 
practice was unnecessary, they perhaps could have used the time to ensure that each 
CMP lesson had an adequate summarize section.  However, it is also quite possible 
that teachers would have used the extra time to extend the warm up or explore 





 This chapter indicated that the average visibility of the core professional 
development content fell between the low and moderate levels for all three teachers.  
Among the three primary components of the intervention, the visibility of the 
pedagogical content and pedagogical aspects were more visible during instruction 
than the math content.  Within the pedagogical content component, teachers’ use of 
multiple representations of concepts was highly visible compared with the other 
pedagogical content items.  Within the pedagogical component, teachers’ 
encouragement of students to pursue multiple solution strategies and to justify or 
extend their answers was highly visible, especially in comparison to teachers’ 
summarizing or closing lessons. 
 Among the potential sources of variation in the visibility of the professional 
development during instruction, the complexity of the professional development 
component, the nature of the phenomena in the CMP curriculum, and teachers’ 
knowledge and beliefs appeared to be the most significa t factors.  The next and final 











CHAPTER SEVEN:  DISCUSSION 
 
 This study provides insight into two important questions:  How much do 
teachers learn from an intensive mathematics professional development intervention?  
And, how much of what teachers learn is visible during instruction?  The study also 
examines possible sources of variation that are associated with the answers to these 
two questions.  The data in this study provide insight nto the complex and dynamic 
relationship between policy and practice, an important nexus in education policy 
studies.  In this chapter, I first discuss the main issues that this inquiry uncovered 
related to the dynamic relationship between policy aims, policy instruments and 
practitioners’ capacity.  Then, I describe the primary limitations of the study design.  I 
conclude with a discussion of how the study findings relate to potential avenues of 
future research in mathematics teacher professional development. 
The Dynamic Relationship Between Policy and Practice 
  
 This critical case study provides a window into the dynamic, two-way 
relationship between policy and practice:  policymakers seek to solve problems 
related to practice and yet they must rely on faulty practitioners to carry out the 
proposed solutions (Cohen, Moffitt & Goldin, 2007).  One of the central challenges 
for policymakers is to figure out how to enable and support practitioners in making 
the improvements outlined in the policy.  Knowing effective ways to build capacity 
for practitioners, however, is dependent upon what t e policy seeks to accomplish.  
Policies that are ambitious and deviate from typical modes of practice are likely to 
fail unless such policies are coupled with well designed instruments that build and 




 The policy aims driving this study were somewhat ambitious:  deepening 
teachers’ understanding of the subject matter and improving teachers’ instructional 
practices associated with that subject matter.  Thepolicy instrument – a well 
designed, intensive professional development model – and the capacity of the 
practitioners – a hand-picked group of receptive teach rs – initially seemed 
commensurate with these ambitious policy aims.  What do the results of this study, 
which are somewhat disappointing, say about the nature of policy aims, policy 
instruments and practitioners’ capacity as related to mathematics teacher professional 
development? 
Policy Aims 
 The data in this study illustrate the challenges associated with the ambitious 
policy aim of improving teachers’ content knowledge.  Even though these three, 
carefully selected teachers participated in a well d signed, year-long professional 
development model with a restricted content focus, they struggled to articulate much 
of the core math content.  Though they did employ many of the pedagogical 
techniques emphasized in the professional development, the teachers struggled to 
keep all students engaged during question and answer episodes and had difficulty 
summarizing student approaches at the end of lessons.  Why did these teachers 
struggle so much?  Were the policy aims too ambitious, even for these hand-picked 
teachers?  Isn’t it reasonable to expect math teachers to improve their content 
knowledge through this type of professional development model?  Shouldn’t teachers 




Perhaps these aspects of the professional development model are more complex than 
they seem, as the following explanations suggest. 
 Complexity of rational number concepts.  One theory for why teachers 
struggled to understand and articulate key ideas rel ted to rational numbers is the 
complexity of the content itself.  Throughout the development and review of the 
professional development materials, internal and external study experts routinely 
commented on the difficulty of the subject matter.  Two of the experts said that 
rational number topics were more complex than most topics in Algebra I, even though 
Algebra I occurs after rational numbers in the K-12 curricular sequence.  In fact, 
mastery of rational numbers – especially fractions – i  considered critical to success 
in Algebra I (NMAP, 2008).   
 The relationship between ratios and fractions – how they give rise to the other 
– is one example of the complexity of rational number concepts.  This relationship is 
very subtle, and it is even disputed among mathematicians.  The prevailing view 
among mathematicians, which the study adopted, says th t fractions are numbers that 
“live” on the number line, but ratios are quotients between two numbers and hence do 
not “live” on the number line.  However, some mathematicians argue that fractions 
and ratios are actually equal to each other (Personal communication with study 
expert, 2008).  If accomplished mathematicians dispute some of these ideas, it is no 
wonder that teachers, who have far less formal training in mathematics, lack clarity 
on these ideas.  Other aspects of rational numbers ar  also complex, such as the study 
definitions of fraction and decimal, the relationships between fractions and decimals, 




number content might have contributed to how much teachers were able to learn 
through this professional development model. 
 Formal math concepts.  Another issue related to the acquisition of math 
content is the distinction between formal and pragmtic content knowledge.  Formal 
mathematical knowledge tends to be highly symbolic and theorem or proof-based.  In 
contrast, pragmatic content knowledge focuses more on student-friendly terms and 
representations.  Many of the definitions and key math take-away points in the 
professional development were formal.  The definitio s of fraction and decimal, for 
example, used algebraic notation that is common in higher-level math textbooks.  All 
three teachers in this case study said that the study definitions seemed too advanced 
for their students, which is why none of them introduced the definitions to students.  
Had the study definitions been less formal, the teach rs would have been more likely 
to use the definitions with students, which might have further solidified that 
information. 
 However, being able to articulate formal mathematical content is important, 
especially given the National Math Advisory Panel’s (NMAP) recent report, which 
calls for all students to learn “authentic algebra” before they graduate from high 
school.  By “authentic algebra,” the authors refer to content that is highly symbolic 
and formal.  The authors argue that students should be provided opportunities to learn 
formal content in the earlier grades if they hope to be successful in high school.  They 
single out fractions as a critical topic that should be introduced more formally.  The 
panel’s description of formal fraction content is consistent with the content 




that call for teachers and students to become more facil  with formal, symbolic 
mathematics should not assume that teachers will acquire such knowledge quickly or 
easily, even when they participate in well designed an  well delivered professional 
development activities. 
 Complexity of “reform” mathematics teaching.  In her book, Inside Teaching:  
How Classroom Life Undermines Reform, Mary Kennedy (2005) argues that some 
educational reform ideals, such as teaching rigorous c ntent in such a way that all 
students are intellectually engaged, are probably unrealistic and sometimes even 
impede rather than improve student understanding.  She says that such reform efforts, 
which rely on extensive question and answer episodes between the teacher and 
students, underestimate the time and energy required to teach in this way and 
overlook the multiple demands that teachers must simultaneously manage.  For 
example, teachers typically must juggle how to maintain lesson momentum, cover the 
required curriculum and monitor student behaviors when teaching in this way.  When 
teachers also are asked to stimulate and maintain students’ intellectual engagement 
through questioning, they end up being forced to make tough choices, such as 
deciding to cover only a portion of a lesson or a portion of the curriculum.  In fact, 
one of the teachers in Kennedy’s study only made it through one third of her textbook 
by the end of the year because of the extra time she spent teaching in an intellectually 
demanding way.   
 The teachers in this study followed this pattern: ven though they had 
extended class periods, they had trouble finishing lessons because of the extensive 




extended question and answer episodes.  In addition, none of the three teachers knew 
how to maintain the intellectual engagement of students who were not directly 
involved in a particular question and answer episode.  Kennedy would argue that this 
further illustrates the complexity of reform teaching.  I agree with this assessment and 
would add that such instruction, at least in this country, is rare and only observed 
among exceptional teachers.    
 I happened to observe one such expert teacher at Adams Middle School.  She 
was the teacher leader for the 7th grade teachers in this case study, but since she 
taught 6th grade, she wasn’t part of the larger study.  The district math coordinator 
encouraged me to stop by her class when I had a chance because the coordinator said 
she was one of the best teachers in the district.  I had some extra time on one of my 
visits to Princeton, so I asked her if I could observe one of her classes on the spur of 
the moment.  She welcomed me into her classroom, which was a 6th grade class 
containing mostly advanced students.  Given that she taught a different grade level 
and that most of her students were high performing, it is difficult to make blanket 
comparisons between her class and the other 7th g ade classes I observed.  However, 
her classroom environment was dramatically different than any other lesson I 
observed at the school.  In fact, it was one of the most well orchestrated math lessons 
I have ever observed in my 15 years as a teacher and researcher.  The teacher had 
several distinct components of the lesson, which inluded whole group discussions, 
individual seat work and small group math “centers.”  The teacher leader rotated 
students in and out of centers that included games and hands on materials that were 




when the teacher pushed students to explain their thinking, she knew how to get the 
students to bat ideas back and forth so that she didn’t have to focus on one student or 
group and ignore the rest of the class.  The teacher leader directed these discussions 
efficiently, with virtually all students actively engaged.   
 Each of the three case study teachers, when they discussed working with the 
teacher leader, attributed much of what she is able to do to the intellectual capacity of 
her students.  Their common sentiment was roughly, “I’d like to see her teach that 
way with my kids.”  While this observation might betrue – that keeping all students 
intellectually engaged in high level content is dependent on the ability levels of 
students – the instructional routines and rituals that his teacher had in place 
seemingly would benefit students at all ability levels.  However, what is possible 
instructionally should not be equated with what is feasible or likely.  This teacher’s 
instructional practices highlight the complexity of the type of teaching promoted by 
the study professional development and depicted in Kennedy’s (2005) work.   
 These three aspects of the professional development int rvention – the 
complexity of rational number concepts, the formality of the math content and the 
complexity of the instructional routines – illustrate how the twin policy aims of 
improving teacher knowledge and instructional practice are highly ambitious and 
extremely complex.  And ambitious and complex policies require well designed and 
comprehensive policy instruments if they hope to succeed.  In this study, the 
professional development model is the policy instrument.  The next section describes 
the extent to which the model supported practitioners in meeting these complex 





 Policy instruments are “the capability that policy brings to its relations with 
practice” (Cohen et al., 2007, p.536).  In this study, the professional development 
model represents the policy instrument used to support the policy aims of improved 
teacher knowledge and improved instructional practice.  According to Cohen and 
colleagues: 
[Policy instruments] vary in strength, or their influence in practice, and in 
salience, or how closely they connect with what must happen in practice to 
achieve policy aims. The further those aims depart from conventional 
practice, the more acute the dilemma becomes and the more likely it is that 
strong and salient instruments will be required to enable practitioners to 
respond constructively. (p.536) 
 
Though the professional development model was well designed and well delivered, it 
is reasonable to ask whether the model was “strong and salient” enough to enable the 
practitioners to meet the ambitious aims of the professional development.  Two 
components of the professional development design, the intensity and duration of the 
model and the extent to which collaborative learning structures were utilized, are 
discussed in relation to the aims of increased knowledge and improved instructional 
practice. 
 Intensity and duration.  In this study, teachers participated in 48 hours f 
professional development workshops that focused large y on content and pedagogical 
content, which was notably more than the 84% of secondary math teachers who 
recently reported spending 24 or fewer hours in similarly focused professional 
development activities (Birman et al., 2007).  The teachers also participated in 
approximately 20 hours of school-based coaching activities.  The coaching activities 




observations and out-of-class lesson planning and lesson debriefing sessions.  The 
workshop and coaching activities spanned seven months of the school year so the 
professional development activities could be delivered when teachers were teaching 
relevant rational number topics and with time for the eachers and the coach to 
establish an ongoing relationship.  These aspects of the model make it much more 
intensive and much more connected to teachers’ daily work than typical professional 
development opportunities offered by external providers. 
 However, the model was for one year,21 which some researchers would argue 
is too short a timeframe to detect substantive changes in teacher knowledge and 
practice.  Hawley and Valli’s (1999) professional development design principle of 
“continuous and supported” suggests that a 3- to 5-year time frame might be more 
realistic.  In fact, they refer to a finding from the Prichard Committee (1995), which is 
particularly relevant to the professional development aims associated with this study.  
The committee found that a group of teachers who were engaged in professional 
development activities that focused on pedagogical str tegies consistent with the 
NCTM standards needed a stronger content knowledge bas  – and hence, more 
professional development time – to deliver the pedagogical techniques effectively.  
This finding is consistent with one of the key findi gs in this study:  pedagogical 
techniques, such as asking students to explain their thinking and to summarize the key 
ideas in a lesson, depend on teachers’ understanding of the content.  Solidifying 
                                                
21 The initial design of the study was for one-year of pr fessional development.  However, in the spring 
of 2008, the Federaly agency decided to add a second year of professional development in 6 of the 12 
original districts.  The second year intervention, which is still currently being delivered, is a little less 
intensive than the first year intervention.  It contai s 30 hours of workshops and 16 hours of coaching 
for returning teachers and 42 hours of workshops and 16 hours of coaching for new teachers – i.e., 




teachers’ understanding of mathematics content may require an intensive model that 
spans multiple years. 
 Other researchers describe continuous professional development models used 
in other countries.  The Japanese approach to matheics teaching and learning is 
widely cited as an example of continuous, job-embedded, content-rich professional 
development.  Unlike the U.S., in which educational reforms are relatively short-lived 
(Cuban, 1990), Japan takes a much longer-term view of improvements in teaching 
and considers teaching to be a very complex activity.  In order to teach their subjects 
well, Japanese educators assume that teachers need tim  to participate in continuous, 
school-based professional development.  Unlike the U.S., where teachers are 
considered to be competent once they have completed t acher-training programs, 
Japan assumes that competence can be improved over time and expects teachers to 
participate in on-going training throughout their ca eers.  This continuous school-
based professional development model is called kounaikenshuu. One of its core 
components is lesson study (Stigler and Hiebert, 1999).  Lesson study is year-long 
process in which teachers define a problem, plan a lesson around the problem, teach 
the lesson, refine and re-teach the lesson, and the refl ct upon and summarize the 
process, which often takes the form of a written repo t.  At the end of the year-long 
process, teachers have a product that they can use again and share with other schools.  
Since Japan has a national curriculum, these lessons can be shared among teachers 
and schools nationwide. 
 The Japanese approach to teacher learning is basedon normative expectations 




(1999) contend, teaching is a distinct cultural activity.  Thus, any lessons that might 
be learned from Japan should be interpreted in light of the cultural context of 
teaching.  However, as U.S. educators and policymakers are calling for increased 
content rigor and improved teaching practices in mathematics (NMAP, 2008), they 
might look at the Japanese system as one that has made strides in both areas.  As the 
TIMSS video study illustrated, Japanese 8th grade teachers deliver advanced, formal 
mathematics content in methods that engage students – teaching methods that, 
according to Stigler and Hiebert, are closely aligned with the NCTM standards. 
Japanese students outperformed their U.S. counterparts, and this difference is 
achievement highlights the promise of their system.   
 These arguments suggest that the study’s professional development model, 
though much more intensive and sustained than typical models, might not have been 
intensive or sustained enough to trigger noticeable improvements in teachers’ 
knowledge.  However, cost and teacher turnover issues make dramatically increasing 
the intensity of professional development a less than straightforward policy 
proposition.  Providing high quality professional development is extremely 
expensive.  Even this model, which probably wasn’t intensive enough, would be 
difficult for districts and schools to afford.  Further, professional development 
programs that require 3- to 5-years to affect teachr practices assume that the teacher 
workforce is relatively stable.  In secondary mathematics, particularly in urban 
schools, teacher turnover is quite high, a condition hat longer-term professional 
development programs must take into account.   In this study, over one third of the 




subject and grade level in the 2008-09 school year.  These turnover rates illustrate the 
challenges associated with provided sustained, ongoing professional development to 
accomplish ambitious policy goals. 
 Collaborative learning structures.  The study design incorporated many 
collective learning opportunities for teachers, such as co-teaching, co-planning and 
peer observations.  The literature on effective professional development highlights the 
importance of providing teachers with opportunities o work and learn together (Garet 
et al., 2001; Hawley & Valli, 1999).  In mathematics, international studies, such as 
the TIMSS Study and Ma’s (1999) comparative case study, indicate that some of the 
countries whose students performed better than the U.S. have much more 
comprehensive collective communication structures in place.  In the previous 
discussion about lesson study, Japanese teachers met regularly to carry out the 
planning, revising and re-teaching of the targeted lesson.  They are able to meet 
regularly because their teaching schedules include ample time for teachers to meet 
and collaborate.  Ma indicated that the Chinese teach rs also have more time to meet 
together and discuss mathematics than their U.S. counterparts.  Thus, the push to 
provide teachers more time to spend with each other to improve mathematics teaching 
and learning is well founded. 
 In this case study, the teachers worked in a school t at valued teacher 
collaboration.  The principal created a schedule in which each grade-level team of 
math teachers shared a common planning period, which allowed teachers to plan and 
debrief lessons or meet and discuss other ideas relted to teaching.  The district 




so the teacher leaders could work in a coaching capacity.  The district also provided a 
part-time math coach, who, in addition to the teachr leader, visited teachers during 
their common planning time and while they were teaching to provide additional 
feedback.  Teachers had a variety of ways to collabrate with other teachers and/or 
specialists to reflect upon and improve their instructional practices. 
 This substantial infrastructure for collective participation seemed 
underutilized, however.  When I asked teachers how t ey used their joint planning 
period, they said it was rare for them to meet and plan lessons together outside of the 
PD Math Study.  When I asked if they had ever used th  time to discuss any aspects 
of the PD Math Study, such as the math content emphasized in the professional 
development or the problem sets, none of the teachers reported doing so.  Why were 
these collective opportunities underutilized?  One possible explanation is that the 
district and school did not have strong cultural norms about how teachers should use 
the time.  They knew that is was important to provide teachers time to collaborate, but 
they let teachers decide how to use the common time.  Without guidance, the teachers 
did very little collaborating on their own.  If the district had provided expectations or 
incentives about how to use the time, teachers might have been more likely to take 
advantage of the common planning time and learn from each other.  However, as the 
discussion on the complexity of the math content indicates, simply providing time for 






 The capacity or capability of practitioners also influences the likelihood that 
policy aims will be realized.  Capacity is critical because it “consists of the resources 
practitioners bring to policy,” and yet capacity is relative, since “what is sufficient for 
a policy that departs only a bit from conventional practice is unlikely to be sufficient 
for a policy that departs much more dramatically” (Cohen et. al, 2007, p.537).  
Capacity is often associated with individual practitioners, but it also can be associated 
with social sources in the policy environment.  Practitioners’ capacity is much more 
than the skills and knowledge that practitioners bring to the policy environment and 
through which policy instruments are activated.  Though knowledge and skills are 
vital, practitioners’ values, interests, and dispositi ns are also important attributes of 
capacity.  This critical case study illuminates how these attributes of capacity interact 
with each other and influence the extent to which policy aims were accomplished.   
 Teachers’ beliefs about mathematics teaching and learning.  Reform-based 
instruction, which emphasizes problem solving and conceptual understanding over 
rote memorization and procedural fluency, represents a dramatic shift from the way in 
which most teachers experienced mathematics as K-12 students.  This shift is 
important because, as Lortie (1975) points out,  
Teaching is unusual in that those who decide to enter it have had exceptional 
opportunity to observe members of the occupation at work; unlike most 
occupations today, the activities of teachers are not shielded from youngsters 
(p.65). 
 
Teachers are not “blank slates,” then, when it comes to learning instructional 
techniques or curricular programs; they have prior experiences in mathematics 




programs and modes of instruction.  Since none of the three teachers in this case 
study was old enough to experience the New Math curricular movement of the 1960s, 
it is safe to say that all three experienced traditional, procedural based mathematics 
instruction as K-12 students.  In fact, over the course of the year I spent with these 
teachers, all three mentioned in some way that the CMP program represented a 
different mode of instruction than they had experienced as students. 
 All three teachers mentioned aspects of reform-based instruction that they 
liked and disliked.  They all thought it was importan  to ask students to explain their 
thinking, and they found the questioning techniques emphasized in the professional 
development to be helpful in stimulating and sustaining student discourse.  All three 
teachers thought that presenting students with interes ing problems and encouraging 
them to explain their thinking were important components of quality instruction.  
They liked the extended problems and activities featur d during the professional 
development, which they said supported the types of problem solving activities in the 
CMP program.   
 However, all three teachers thought that the skilldeficits of their students 
interfered with their ability to deliver meaningful, conceptually-based lessons.  
Though the teachers provided students with skill practice during the 20-30 minute 
numeracy block – one of the teachers used this time for skill practice more so than the 
other two teachers – none of them said that the balance was quite right.  They wished 
that they had more time to work on skills than the numeracy block provided.  Wiggins 
had an especially strong opinion about this issue; h  thought the CMP curriculum 




could be supplemented with CMP problems.  Hamlin, the teacher with the strongest 
level of knowledge and the strongest will to learn, said that her husband had 
encouraged her to write her own textbook so she could achieve the proper balance of 
concepts and skills.  Even though all three teachers taught CMP in the way that the 
district envisioned – i.e., they followed the district pacing guide and devoted most of 
the class time to CMP – they all wished CMP provided more opportunities for 
students to practice and build skills. 
 These mixed beliefs about teaching and learning manifested themselves 
during instruction.  On one hand, all three teachers said that the questioning strategies 
emphasized in the professional development had helped them manage their classroom 
discussions.  And in each of the 15 lessons I observed, teachers used the pedagogical 
techniques to probe student understanding.  They demonstrated these behaviors both 
when they were working with the instructional coach nd when they were not.  In 
fact, these teaching behaviors are consistent with hat the district promotes.  The 
district math coordinator indicated that she encourages teachers to probe students’ 
thinking and is especially aware when teachers are unwilling to let students take on 
sufficient intellectual burden.  Hiebert and Grouws (2007), in their literature review 
on common characteristics of effective mathematics teaching, refer to such 
intellectual burden as “the engagement of students in struggling or wrestling with 
important mathematical ideas” (p.387).  Unlike teachers who might have rejected this 
mode of instruction, these teachers allowed students to struggle with important 




 On the other hand, the teachers did not fully endorse the CMP program, which 
might be partly why they did not pursue the math content more deeply.  The 
pedagogical techniques were easy to comprehend and they reinforce the type of 
questioning promoted by the district.  But understanding the core content, articulating 
the most common student misconceptions, and summarizing the most salient points of 
the lesson are much harder to grasp than the pedagogic l techniques and require a 
stronger belief in the philosophy of the program.  Thus, even though the majority of 
the pedagogical behaviors I observed were consistent with much of what the district 
was promoting, teachers’ partial endorsement of the CMP approach might have 
contributed to challenges associated with acquiring content knowledge and 
integrating such knowledge into instruction.  
 Teachers’ intrinsic motivation to learn.  In addition to teachers’ mixed beliefs 
about the underlying premises of reform-based instruction, teachers’ beliefs about 
themselves as learners seemed to influence the extent to which they understood and 
made use of the professional development.  In the pap r, Exploring Teachers’ Will to 
Learn, Van Eekeln and colleagues (2006) argue that a teacher’s “will to learn” is an 
understudied phenomenon in the field of teacher professional development.  They 
believe the topic should receive more attention because a teacher’s “will to learn” is a 
precondition for acquiring additional knowledge and skills.   
 Among the three case study teachers, one was extremely eager to learn.  
Hamlin, the teacher most eager to learn the material, reported spending the most time 
outside of class thinking about why her students were not learning as much as she 




and even took a math class at a university during the year I spent with her.  She 
wasn’t afraid to admit when she was confused or frustrated about some aspect of her 
teaching,   In fact, she was more critical of her own teaching than the instructional 
coach.  Even though she had a weaker background in mathematics than one of the 
other two teachers and fewer years teaching experience than both teachers, she 
demonstrated the highest level of understanding of the math content and the highest 
level of visibility of the math content during instruction.   
  The other two teachers – albeit to varying degrees – xpressed a relatively 
strong “will to learn” when they were participating in the professional development 
activities.  They asked questions and seemed engaged in understanding the material, 
which contributed to my initial assessment that the school would be a good site for a 
critical case study of professional development.  However, neither teacher sustained 
that “will to learn” outside the professional development – at least not to the extent 
that Hamlin did.  Unlike Hamlin, who routinely mulled over what she might have 
done differently after teaching a lesson, these teach rs were less bothered  and 
dismayed when their students failed to grasp an idea or when a lesson didn’t go as 
well as they had planned.  They didn’t approach the problem with the same sense of 
urgency that Hamlin did.  Wiggins, the only teacher with a degree in secondary 
mathematics education and the teacher with the mostexperience teaching CMP, had 
the weakest “will to learn” and demonstrated the lowest level of understanding of the 
math content.  Smith, who scored in the middle in terms of understanding and 
implementation of the math content, was also in the middle in terms of motivation to 




was thoughtful about the material and participated fully in the professional 
development. 
 The sample is much too small to make generalizations, but Hamlin’s 
eagerness to learn, which included being visibly upset when her students were 
confused, at least partially contributed to her comprehending higher levels of the 
math content than the other two teachers.  At minimum, these data confirm that 
identifying and stimulating teachers’ “will to learn” should be a consideration when 
designing and implementing teacher professional development. 
Summary 
 In sum, the ambitious policy aims of the study demanded a policy instrument 
that was strong enough to support participants’ capa ity to fulfill the aims.  Had the 
aims been less ambitious or the instrument and/or practitioners’ capacity been 
stronger, the results likely would have been different.  When trying to understand the 
extent to which policy aims were or were not realized, policymakers should examine 
all three of these dimensions, rather than a single dim nsion.  For example, focusing 
exclusively on participants’ capacity or capability would be short sighted, since the 
level of capacity required for a policy to be successful is highly correlated with the 
level of complexity and ambition of the policy itself.  As Cohen (2007) and his 
colleagues put it:  
Capability is relational, like the other resources that we have discussed. It 
waxes and wanes in interaction with the aims that policies set, the instruments 
that they deploy, and the environments in which policy and practice subsist. 
One can speak accurately of capability only if one sp aks in relational terms, 






 This case study suggests that, even in relatively favorable conditions, 
practitioners’ capacity should be expanded in order to meet the ambitious aims of 
improved knowledge and practice.  If expanding capaity is not possible, then the 
policy aims must be adjusted downward to match lower levels of capacity and/or the 
instrument must be extended.  Otherwise, professional development models such as 
this one can, at best, show limited results.  In terms of this particular policy, a more 
comprehensive package of policies would likely be necessary to accomplish these 
ambitious aims.  For instance, policies that address t acher preparation programs and 
policies that address normative expectations for math teachers likely would need to be 
initiated in concert with initiatives to improve the quality of professional 
development.   
Limitations 
 
 Like other empirical studies that focus on complex phenomena, this study has 
limitations that should be considered.  A major limitation of this study design is the 
absence of baseline data for teacher knowledge and practice.  Ideally, I would have 
been able to administer to teachers a pre-assessment that addressed the key constructs 
in the structured content interview and used that assessment to measure teachers’ 
growth from the pre to the post assessment.  Such a design would have allowed me to 
distinguish between what teachers learned from the professional development and 
what teachers knew before they participated in the professional development.  This 
issue would be especially problematic if the teachers ad demonstrated high levels of 
understanding of the math content and pedagogical content on the structured content 




levels of understanding – this issue is less of a problem.  In fact, it probably means 
that teachers’ overall levels of understanding of the professional development are 
partially inflated by their prior knowledge.  This hypothesis suggests that what 
teachers learned from the professional development is probably a little lower than 
indicated in this study – particularly in the domain of pedagogical knowledge.   
 Even though teachers’ overall low level of understanding made this issue less 
problematic, I tried to address this weakness in the design in a few ways.  First, I 
focused on how the content was presented in the prof ssi nal development and used 
that information to anchor my analyses.  For example, when a teacher used language 
that was similar to or exactly the same as language featured in the professional 
development, I used that text as the basis to measur  teachers’ level of understanding 
of the professional development content.  I also included that text as much as possible 
in Chapters 5 and 6 to illustrate the link between the content presented in the 
professional development and teachers’ actual responses.   
 I also addressed the absence of baseline data by asking teachers to teach a 
lesson that they taught the previous year and then int rviewed them afterward about 
any differences that they attributed to the professional development.  I used the pizza 
problem, described in Chapter 6, as the core lesson.  All three teachers said that the 
professional development didn’t impact how they thought about the math content of 
the lesson, but it did impact how they delivered the lesson.  For instance, two of the 
three teachers mentioned that the coach gave them a novel way to introduce the 
problem, which they used and would continue to use in the future.  All three teachers 




development and would continue to use those in the future.  These interview data 
supported findings from the classroom observations that indicated higher levels of 
visibility of the pedagogical aspects of the model compared with the visibility of math 
content.  However, if I were going to conduct a similar study in the future, I would 
make a concerted effort to secure baseline data. 
 Another limitation of this study relates to the numeric values assigned to 
teachers’ understanding of the math content on the structured content interview.  
Though I tried to standardize the scoring process as much as possible, the numeric 
values still represent estimates of what teachers’ understood.  The estimates are less 
problematic when comparing large differences between t achers.  For example, 
Hamlin scored a “3” or at the strong level of understanding on two of the questions on 
the interview, and I am confident that her understanding was notably higher than the 
other two teachers on these items because her scores we  1 to 2 points higher on the 
0 to 3 scale.  That an independent math content expert reached the same conclusion 
on these items bolsters my confidence even further.   
However, after teachers’ scores are averaged, some of th overall differences 
are harder to understand.  Smith’s and Wiggins’s overall averages were 1.5 and 1.3, 
respectively, but I have less confidence that Smith scored notably higher than 
Wiggins.  Smith scored higher than Wiggins on only three of the seven items and yet 
had a higher overall average.  If the content of the structured interview had varied 
even somewhat, it is possible that Wiggins and Smith would have scored the same or 
possibly switched places.  The averages are still ueful in describing overall patterns – 




and one of the three teachers appeared to understand more than the other two – but 
small differences between average scores should be interpreted cautiously  
 A third limitation of this study is that I chose not to audio or videotape the 
lessons.  I decided against either approach primarily because I didn’t want to interfere 
with the design of the larger study.  I didn’t want these three teachers to act 
differently because they were being examined twice – as a participant in the larger 
study and as a participant in my supplemental case study.  I also took my cues from 
the instructional coach, who was present during the first three observations and 
indicated that she thought audio or videotaping a lesson would interfere with the 
rapport she was trying to build as a coach.  Though I could have asked teachers for 
permission to audio or videotape lessons after they were no longer being coached, I 
decided against this practice because I wanted to follow the same procedures I used to 
score the observation data when the coach was present.   
 The procedure I used to record classroom observation data involved keeping 
detailed hand written field notes and then typing them up within a day or two of each 
observation.  I determined that this approach was sufficient for completing the 
observation instrument, but I would have preferred to have a more complete transcript 
of classroom interactions from which to portray classroom life and evaluate the 
visibility of the professional development during instruction.  I compensated for this 
deficit by recording exact quotes by hand whenever I could and whenever the 
exchanges seemed to capture something essential to the g als of the study.  This 
approach worked for the most part, but the classroom st ry would have been much 




Directions for Future Research 
 
 This study has several implications for future research related to mathematics 
professional development.  First, this study captured what three teachers 
comprehended and implemented from professional development, but it only 
speculated about how teachers learned the content.  Wilson and Berne (1999) argue 
that the mechanisms by which teachers learn is an important yet understudied 
phenomenon.  This study also suggests that this avenue is worth pursuing.  For 
instance, it would be interesting to know more about how Hamlin developed and fed 
her curiosity and her thirst for knowledge; more generally, it would be useful to know 
which aspects of teachers’ “will to learn” can be fostered and which aspects are more 
innate.  However, the design of this case study did not allow for an in-depth analysis 
of this topic. 
 A second and related avenue of future research is to learn more about how 
teachers’ beliefs and motivations are related to the mechanisms that trigger teacher 
learning.  The research consistently points to the importance of recognizing teachers’ 
values and beliefs when designing professional development models.  Models that 
ignore or minimize teachers’ values about the content or about the nature of teaching 
and learning are likely to fail.  But more research is needed to classify and categorize 
teachers’ values and beliefs so that professional development models might be 
tailored to maximize the involvement of teachers with various types of beliefs.  
Instead, at least in mathematics, two somewhat crude categories distinguish teachers’ 
beliefs about teaching and learning:  reform-based teachers assert that students should 




while traditional teachers believe that students should learn rules and procedures 
through practice and explicit instruction.  
 These distinctions are not fine grained enough, as this study indicated.  Unlike 
Cohen’s (1990) case study of Ms. Oublier, who saw herself as a reform-based teacher 
and yet often refused to probe student understanding, these teachers allowed students 
to grapple with the material – often with such persistence and to such a degree that 
they were not able to keep the rest of the class intellectually engaged while they were 
questioning a student or small group of students.   Here is how Cohen depicts Ms. 
Oublier’s interpretation of reform-based teaching: 
Make no mistake: Mrs. 0 was teaching math for understanding. The work 
with number sentences certainly was calculated to help students see how 
addition worked, and to see that addition and subtraction were reversible. 
That mathematical idea is well worth understanding, and the students seemed 
to understand it at some level. They were, after all, producing the appropriate 
sorts of sentences. Yet it was difficult to understand how or how well they 
understood it, for the didactic form of the lesson inhibited explanation or 
exploration of students’ ideas. Additionally, mathematical knowledge was 
treated in a traditional way: Correct answers were accepted, and wrong ones 
simply rejected.  No answers were unpacked. There was teaching for 
mathematical understanding here, but it was blended with other elements of 
instruction that seemed likely to inhibit understanding (p.313). 
 
Like Ms. Oublier, the teachers in this case study blended teaching for mathematical 
understanding with other elements of instruction that inhibited understanding.  For 
example, the case study teachers persistently question d students about their thinking, 
but they had trouble summarizing student approaches and articulating the core 
mathematics underlying the approaches.  This deficiency was problematic because 
students often seemed confused at the conclusion of lessons, even though they had 
just spent a lot of time and energy pursuing various approaches and responding to the 




simply reject wrong student answers.  They questioned students vigorously and tried 
to unpack student approaches.   
 Both Ms. Oublier and the teachers in this case study thought they were 
teaching reform-based mathematics, or teaching mathfor understanding.  But both 
fell short of comprehensive reform-based instruction, yet in different ways.  Ms. 
Oublier was more didactic and less likely to engaged students in what Hiebert and 
Grouws (2007) refer to as “purposeful struggle.”  The teachers in this case study were 
less didactic and very likely to engage students in such struggle.  In fact, the case 
study teachers needed help bringing resolution to lessons in which students spent 
extensive amounts of time grappling with ideas.  Future research should depict 
teachers’ actions along a continuum, rather than a dichotomous distinction, between 
reform-based and traditional teaching so that professional development activities can 
be developed accordingly.  Such tailoring would maxi ize what teachers choose to 
learn and are able to learn through professional development. 
 A third area of future research relates to the specification of sustained and 
intensive professional development activities.  Most experts think that one-shot 
professional development workshops or programs havelittle chance of influencing 
what teachers know and how they teach.  But less is known about what constitutes 
professional development models that are sustained a d intensive enough to impact 
teachers’ knowledge and practice and yet feasible enough that districts and schools 
can adopt them.  The professional development model developed for this study 
sought to achieve the right balance of intensity and feasibility, which are inversely 




often two to three weeks, which increase intensity but is less feasible in terms of 
ensuring teacher participation.  Most of the more int nsive summer workshops are 
voluntary (Wu, 1996).  Future research could explore the tradeoffs associated with 
adjusting the intensity and feasibility of professional development models.  The 
degree to which a professional development program is intensive affects the extent to 
which it is feasible and vice versa. 
 A fourth area of research relates to the teaching and learning of formal, 
rigorous mathematics, such as the mathematics outlined in the National Math 
Advisory Panel’s (2008) recent report.  Currently, few curricular materials exist that 
move students from a pragmatic to a formal understanding of the content.  Available 
programs tend to favor one approach more heavily than e other.  But both types of 
understanding are important.  Students are unlikely to earn formal ideas unless the 
teacher presents the ideas in meaningful ways.  Yet meaningful explorations of the 
content are ultimately unsatisfying if the teacher is not able to connect students’ ideas 
to formal mathematics concepts.  This case study illustrated that teachers may not be 
able to move between formal and pragmatic understanding of the content even when 
they are being supported through professional development.  If states and districts 
follow the recommendations in the NMAP report, they must think carefully about 
how teachers and students will be supported to meetth se challenging content 
standards.  It is unreasonable and unfair to think that teachers and students will be 
capable and motivated to meet these demands without extensive support, such as 
intensive professional development activities focused on helping teachers understand 




 Finally, all discussions surrounding the teaching a d learning of mathematics 
depend upon whether one question is answered:  As a society, how much do we really 
care about supporting teachers and students in learing high-level conceptual 
mathematics?  If we are as serious as the experts say we should be, then achieving 
these aims will require nothing less than a comprehensive, sustained overhaul of the 
current system, which provides teachers few incentiv s to learn advanced 
mathematics content and to deliver that content meaningfully to students.  Such an 
overhaul likely would move beyond professional development and would focus on 
restructuring teacher training programs, which are responsible for providing teachers 
with threshold levels of content knowledge related to teaching.  Unless we address 
this challenge carefully and comprehensively, interventions, such as the professional 






















APPENDIX A:  CLASSROOM OBSERVATION PROTOCOL 
Teacher _____________________  Class ______________  Date___________ 
 




II. Instructional Practices  
PROFESSIONAL DEVELOPMENT EMPHASIS 
EVIDENCE EXHIBITED IN LESSON 
None/NA 
 
Weak Moderate Strong 
Mathematics Content Knowledge 
Use mathematically precise language (e.g., correct d finitions, 
properties.) 
    
Make explicit connections between or among concepts 
 
    
Provide rationale for why procedure works (e.g., show 
property, justify with a proof.) 
    
Incorporate key ideas about ratio and proportion (e.g., stress 
multiplicative reasoning instead of use cross product 
algorithm) 
    
Incorporate key ideas about fractions, decimals or percents 
(e.g., connect decimals to place value and fractions)  
    
Pedagogical Content Knowledge 
Identify and debug student misconception(s) associated with 
focus of lesson 
    
Use (or encourages student use of) multiple representations of 
concepts (e.g., number line, area model, table) 
    
Make connections among student errors or approaches  
 
    
Pedagogical Knowledge 
State the mathematical focus or objective of lesson 
 
    
Encourage students to pursue multiple strategies to solve the 
problem 
    
Ask students to justify or extend their answers or explanations 
(e.g., “How did you get that?”, “Say more about your 
answer.”) 
    
Ask students to engage in each other’s reasoning (e.g., saying 
whether they agree or disagree with each other’s appro ches 
and why) 
    
Provide lesson summary or closure (e.g., summary sttement, 
exit card) 
    
Overall Rating 
Teacher exhibits behaviors that exemplify the core 
components of the professional development. 
    
 
III. Student Behavior 
Less than 25% of students were engaged for most of the lesson               
About 25% of students were engaged for most of the lesson                    
About 50% of students were engaged for most of the lesson                    
 




APPENDIX B:  TEACHER PERCEPTION INTERVIEW PROTOCOL 
 




 Type of undergraduate degree________________________   
 Number of undergraduate math courses taken _______ 
 Number of undergraduate math education courses takn ________ 
 Type of graduate degree ____________________________ 
 Number of graduate math courses taken __________ 
 Number of graduate math education courses taken _________ 
 
 
Approaches to Acquiring Professional Knowledge 
 
1. The study professional development focuses on building conceptual 
understanding of core rational number concepts (content knowledge), 
understanding of student approaches and misconceptions (pedagogical content 
knowledge) and utilizing pedagogical strategies that promote student 
discourse (pedagogical knowledge). Which components of the professional 
development have you found most valuable and why?  Which components 
have you found least useful and why?  Please describ  any specific strategies 
or aspects of the professional development that you have incorporated into 
your teaching and the frequency with which you have employed such 
strategies. 
2. What (if anything) have you done after the professional development 
workshop or coaching activity to solidify your understanding of these 
components or aspects of the professional development? ( .g., utilized 
supplemental readings, met with other teachers to discuss, follow up emails or 
calls with coach, trial and error in own classroom) 
3. How (if at all) has the coaching component of this study influenced how much 
of the information from the summer institutes and seminars you have (1) 
comprehended and (2) implemented in the classroom?  How would you rate 
the overall quality of the coaching? 
4. If you could spend more time on any of the topics or trategies included in the 
professional development model, what would they be and why? 
5. Compared with the other professional development workshops you have 
participated in, how does this model stack up in terms of improving the 
quality of instruction and increasing levels of student understanding?  Explain. 
6. To what extent are the goals of this professional development model 
consistent with the instructional goals of the district?  How relevant is such 
alignment (or misalignment) to the extent to which you embrace and alter 




APPENDIX C:  PD FACILITATOR INTERVIEW PROTOCOL 
 
Name ______________________ Date ______ 
 




 Type of undergraduate degree________________________   
 Number of undergraduate math courses taken _______ 
 Number of undergraduate math education courses takn ________ 
 Type of graduate degree ____________________________ 
 Number of graduate math courses taken __________ 
 Number of graduate math education courses taken _________ 
 
 
Perceptions of Teacher Learning 
 
1. What aspects of the professional development has this teacher been most and 
least receptive to?  Why do you think this is the case? 
2. What aspects of the professional development have been easiest and most 
difficult for this teacher to implement?  Why do you think this is the case? 
3. Compared with other districts, schools and teachers, where does this teacher 
fall on the continuum of (1) grasp of the subject matter and (2) teaching for 
understanding? 















APPENDIX D:  DISTRICT MATH COORDINATOR INTERVIEW 
PROTOCOL 
 
Name ______________________ Position/Title ______________  Date ______ 
 
District Middle School Mathematics Philosophy 
 
1. Describe or state APS’s mission for middle school mathematics. 
2. How long has this mission been in place? 
3. How would you describe APS teachers’ familiarity and commitment to the 
instructional habits and practices associated with the mission? Are the study 
schools and Columbia Middle School representative of the other middle 
schools in the district?  Why or why not? 
4. What do you see as the key barriers preventing teachers from embracing and 
implementing the key aspects of your mission? 
5. What steps does the district office take to ensure that teachers understand and 
implement the core aspects of your mission and view of instructional practice?  
Has the district implemented structural support for teaching learning?  If so, 
explain. 
6. You are one of approximately 20% of districts across the country that uses a 
“reform” mathematics text (Connected Mathematics).  Describe when and 
why you adopted this text and any challenges associated with teacher 
implementation of the program. 
 
Evaluation of the PD Math Professional Development Model 
 
7. How would you rate the overall quality and usefulness of the PD Math 
professional development model?  What aspects have been especially helpful 
or useful for your teachers?  What aspects have been less helpful or useful? 
8. Describe any evidence of changed teacher beliefs, knowledge and/or practice 
related to the goals of the professional development. 
 
Alignment between District Philosophy and PD Math Model 
 
9. To what extent what are the key ideas and aims of the professional 
development consistent with (1) district standards, curriculum and 
assessments, (2) district conceptions of pedagogy, and (3) school or district 
professional development initiatives? 
10. Is there anything else you would like to add about the district’s middle school 
mathematics program or your perceptions of the professional development?  Is 
there anything else you would like to add about Columbia Middle School in 
particular?  For example, can you say more about how C lumbia and its 
teachers compare to other schools and teachers in terms of (1) receptivity and 
adherence to the district’s vision of quality teaching and learning and (2) 




APPENDIX E:  INTER-RATER RELIABILITY OF STRUCTURED 




Average 1 2  3 4   5a 6  7 
Hamlin 2/2 1/1 3/3 3/3 1/1 1/1 2/1 1.9/1.7 
Smith 1/1 2/2 1.5/1 2/1 2/2 1/1 1/1 1.5/1.3 
Wiggins 2/1.5 1/1 1.5/1 1/1.5 1/1 1/1 1.5/2.5 1.3/1.4 
Average 1.7/1.5 1.3/1.3 2.0/1.6 2.0/1.5 1.3/1.3 1.0/1.0 1.5/1.5 1.6/1.5 
a. Hamlin’s two scores represent my score and the content experts independent score, i.e., 2/2 means 
that I and the expert, respectively, scored Hamlin’s understanding of Question 1 at the moderate level.  





























APPENDIX F:  DOMAINS OF KNOWLEDGE IN STRUCTURED CONTENT 





Domain of Rational 
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1. How would you define fraction and represent thatdefinition to 
students?  Has this definition changed because of what you have 
learned in the professional development?  If so, how and why? 
Define and represent fraction  
 
2.  Suppose a group of students are having trouble connecting the 
meaning of fractions with the meaning of decimals.  What might 
you do to help students solidify their understanding of how these 
two types of rational numbers are related? 
 
Connect fraction and decimal 
concepts 
 
3.  Suppose a student asks you to explain why you “line up the 
decimals” when adding or subtracting but “move” the decimal 
place to the right or left when multiplying or dividing.  What 
would you say? 
 
Rationale for decimal procedures 
 
4.  Suppose a student is confused with the “cross canceling” 
shortcut to simplifying fractions.  For example, the student thinks 
this is correct: 2
1
28
8 = .  What is the student’s underlying 
misconception?  How would you help the student overcome this 
conceptual hurdle? 
 
Rationale for and student 
misconceptions with fraction 
procedures 
 
5.  How would you define ratio and represent that definition to 
students?  Has this definition changed because of what you have 
learned in the professional development?  If so, how and why?  
 
Define and represent ratio 
 
6.  Suppose a student thinks that all fractions are r tios and vise 
versa.  Is this student correct?  If not, what would you say to help 
him distinguish fractions from ratios? 
 
Connect ratio and fraction 
concepts 
 











1 =+ .  What representation or representations 
would be most useful to help this student understand why 
multiplying fractions can sometimes yield a product that is smaller 
than both the factors and why the sum of two fractions doesn’t 
always have the same denominators as the addends? 
 
 
Rationale for and appropriate 











APPENDIX H:  NUMBER OF HOURS OF PROFESSIONAL 
















1. Define and represent fraction 4.5 1.0  1.0 b 6.5 
2. Connect fraction and decimal concepts 2.5 1.5  4.0 
3. Rationale for decimal procedures 1.5   1.0 2.5 
4. Rationale for and student misconceptions with  
    fraction procedures 
2.5 4.0  6.5 
5. Define and represent ratio  7.5 5.0 11.5 
6. Connections between ratios and fractions  2.5 1.0 3.5 
7. Rationale for and appropriate representations of  
    fraction procedures 
2.5 c  4.0 c 1.0 7.5 
 
a. Teachers participated in 68 hours of professional development during the summer of 2007 and the 
2007-08 school year; 18 hours in a three-day summer institute, 30 hours in five, one-day follow up 
seminars, and 20 hours in ten, one-day coaching sessions.  
b. Calculating the time spent on each topic during the summer institute and seminars was relatively 
straightforward, since each workshop devoted a particular amount of time to each topic. Calculating 
the number of hours spent on each topic during coaching, however, was much more difficult because 
coaching activities included both individual and group meetings between the coach and teacher(s) that 
occurred outside of the classroom and other coaching activities, such as modeling, observing and co-
teaching, that occurred inside the classroom.  A further complication was that the amount of time each 
of the three teachers spent on various coaching activities was only roughly the same.  To address these 
issues, the coaching hours reflect only those hours f coaching for that took place outside of the 
classroom and reflect the hours for the teacher with the lowest amount of time spent on each topic.  
Thus, the coaching hours are underestimates, since om teachers spent more time on these activities 
and since in-class learning also occurred.   
c. Only emphasis from same PD segment in summer institute and seminars; all other summer institute 












APPENDIX I:  TEACHERS’ SCORES ON STRUCTURED CONTENT 
INTERVIEW  (Q1) 
 
Teacher 
Study Definition: For whole numbers a and b, with b not equal to zero, the fraction a/b 
is the number on the number line corresponding to a times the unit divided into b equal 
parts. Using this definition,3/2 is a fraction. Since 3/2= 1 ½, 1 ½ is a fraction. 
 
Core Emphases:  A fraction is a number, so every fraction has an exact location on a 
number line.  The numerator of a fraction represents the number of pieces that are being 
counted, and the denominator represents the size of each piece, relative to the unit.  
 






“Point that can be placed on the number line, the top 
number being the number of pieces being counted, and 








Smith “Representation of parts of a set compared by 
division…parts of a whole or parts of a set.” 
 
1 Weak  
Wiggins “Part to the whole.  You have a circle or a square and 
it’s put into the denominator, and it tells you how 
many pieces it’s split into and then the numerator is 
how many of those pieces you have…[as opposed to] 
it’s a number on a number line” 






























Study Definition: Decimals are numbers that can be written as N.abc, whi h 
means N plus 10010010
cba ++   etc.  Decimal notation is analogous to place 
value notation for whole numbers; positions to the right of the decimal point 
represent fractions with denominators that are powers of 10.  Both fractions 
and decimals are numbers, and they can be ordered and compared.  All 
fractions can be represented as decimals – some terinating and some 
repeating – but there are some decimals that cannot be represented as 










3 +++  
 
Core Emphases:  Decimals, place value and fractions with power of ten 
denominators are closely linked and should be mutually reinforced.  0.15 
represents 15 hundredths, which can be expressed as the fraction 100











“We talk about how the value of a number and it 
being in a different form…Two out of five pieces 
might make more sense than 40% of something if 
you’re talking about how much pizza you ate, for 
example…we talk about rational numbers in 
different forms having the same value.” 
 
“Take ¼.  We talk about it being 25%, which is 
.25 because it’s 25 our of 100.  And 25 out of 100 






Smith “I would say the number one problem equating a 
fraction to a decimal is that idea that a decimal is 
based on the base 10 and a fraction can be based 
on whatever.”  [connection to representations]  
“1/4, we can also express it as 25/100.  Or 5/1000.  
It’s relative size.  I can write 1/1000th and it looks 
– and they say, ‘wow, that looks really small’ 
when they see 1000 squares [area 
representation].”   “I’ve also used fractions that 
are 10ths on the number line…then we start 
looking at those, including looking at little blow 
ups, like we did in the study.” 
2 Moderate  
Wiggins “I would bring it back to common sense.  If a 
student thinks .12 is equal to ½, I would say ‘you 
know what half looks like and .12 is like 12 cents.  
Do those match up?’ …Because, if you make 
anything from money for them, they’ll get it.” 
 






APPENDIX K:  TEACHERS’ SCORES ON STRUCTURED CONTENT 
INTERVIEW (Q3) 
  Teacher 
Core Emphases: Decimals must be “lined up” when they are added or subtracted 
because only like quantities – e.g., tenths and tenths, thousands and thousands – can 
be combined.  This is the same logic for finding a common denominator when 
adding or subtracting fractions.  The most straightforward way to see why decimals 
“move” when multiplying or dividing is to convert the decimals into fractions with 
power of ten denominators (connection to study definition of decimal).  For 
example, 0.23 x 2.5 =  100
23 x 10
25  = 1000
575 or  0.575. 
 






“We’ve done examples.  That’s come up actually pretty 
recently and we talked about money, first of all, and I put up 
that I have 50 cents and I have $5.00 so I put, you know, .50 
or whatever and $5.00 and I added them and so now I have 
55 cents, right?  Now does that make sense to you? …Well, 
why? … You’ve gotta add the same thing… the pieces that 
you’re adding have to be the same size.”  … “When we 
multiply decimals we turn the decimals into fractions… 25 
times .5…and they get, you know, 125/1000ths and then we 
talked about, um, you know, started looking a those.  What 
do you notice?...You know, I’m ending up with thousandths 
here.  Why am I ending up with thousandths?  Well, ‘cause 







Smith “One thing -- I think, you know, you start having a 
conversation about place value.  You could start with hole 
numbers and we don’t use a decimal point when we’re just 
adding whole numbers but we could go -- you could have 
like 35 + 28, if you were to put a decimal point in there for 
each number and it would still be 35 and 28, where would 
you put the decimal point on each one?  Okay.  Does it does 
it line up?  Well, yeah because I’ve got the ones and I’ve got 
the tens… The estimation is important.  It’s a way to keep 
place value so that we’re adding 100ths to 100ths, 10ths to 
10ths, 1s to 1s and so forth when we’re doing a regrouping.” 
…“I would tell the student is the decimal place for right now 
is placed in your answer so that based on your estimation it 





Wiggins “Well, as far as for the adding, I mean, we line ‘em up when 
we’re doing whole numbers ‘cause each number has the 
same value…We’ve done a lot more with just place value 
and they’re getting to being okay with the whole ida that 
they have a value.” …  “Well, I’d probably bring them to 
like a simple question where it’s like 3 times .2 … ‘cause 
like 3 times 2 is 3 groups of 2 or two groups of 3…So it’s 3 
groups of .2…They know [that] 3 groups of 2 is 6, so 3 












Core Emphases:  The underlying student misconception is associated with the identity 
property of multiplication, which says that the value of a number does not change when it is 









• .  This student 
thought2




• .  Since every multiplication problem can be rewritten as a division problem, the 
property also holds for division. 
 





“Well, if they’re changing it into an equivalent fraction they have 
to divide by one -- a form of one -- and in this cae they are not 
dividing by a form of one.   They’re just crossing off things… I 
think where they get this misconception is when they’re taught 
because of powers of ten, if you have 10/880, boom, you cross off 
the zeroes.  Well, that works. You’re actually diving the 
numerator and the denominator …by ten tenths… That’s my 
biggest thing with my kids: … if you don’t understand why that 







Smith “Well, I think, you know one thing that we could instruct to have 
them do is come over here to ½…Start asking … why is this a 
half?  Well, because it’s a one in the numerator and it’s a 2 in the 
denominator … what does that really mean?...I might move to 
2/4ths and 3/6ths and start looking for a pattern: it looks like the 
numerator has what relationship with the denominator?  It’s always 
half... Interviewer prompt: If you have 80/160, that [crossing out 
the zeros] actually would work in this case, wouldn’t it?  80/160 -- 
8/16ths would still equal a half.   “They have no concept of 
dividing each number by 10, which is still dividing it by the value 
of one, but it’s a tenth of the pieces.  And, of course, they’re ten 
times larger and so you’ll need a tenth of them.  They’re using a 
procedure here.” 
 
2 Moderate  
Wiggins “I would probably go back and draw a picture of it.  I mean, the 
odds are if you give them something to look at they can see that 
8/28 is definitely not 1/2…You’d have to have that whole 
conversation about why it works with 10s…they understand that 
when you multiply by 10 it’s 2 -- like 2 X 10 is just 20.  They 
know that and so you can just build off of what they know.  So 100 
X 2 has got to be 200…as far as the division we’ve talked about 
just reducing a fraction and how you can divide top and bottom by 
the same thing and in the 10s case it just -- you can cancel out a 
zero…you have to reduce by the same number on both..it goes to 
that whole ratio and keeping it consistent…I don’t k ow how I’d 
say it to a seventh grader right now though…I mean, ven some 
kids I wouldn’t even have to go -- I’d just say think about it.  You 
know what 1/2 is and you know that 1 is half of 2; is 8 half of 28?”  
 









Study Definition: A ratio is a comparison of two quantities by division. Sometimes a 
ratio is defined simply as “a comparison of two quantities,” but this definition is 
incomplete since it is unclear whether the comparison  additive or multiplicative. An 
additive comparison is the absolute difference betwe n two quantities (e.g., my brother 
is 3 years older than I am), where a multiplicative comparison is a relative relationship 
between two quantities (e.g., my brother is twice as old as my niece).Ratios are 
multiplicative comparisons, which is why the “by division” phrase is critical to the 
definition. For any ratio, the quotient represents the relative magnitude of the two 
quantities, that is, the magnitude of one quantity as a multiple of the other. For example, 
suppose there are 2 cookies for every 5 students in a math class. The ratio5
2 means that 
the number of cookies is always5
2 the number of students and the number of students 
will always be2
5 the number of cookies. The relative magnitude of the two quantities 
holds for equivalent ratios, such as10
4 or 50
20 ; more generally the ratiob
a refers to the 
comparison of na to nb for any n not 0 that is defined in the situation. 
 
 






“A ratio is a comparison between two things…put in fractional 
form, a lot of times, or with the little dot dots…We always talk to 
the kids, you know, the amount of girls to the amount of boys; the 
amount of left-hand people to the amount of right-hand people; 
how many are blue eyed and how many are brown eyed?  We talk 
about what’s a comparison…and sometimes we’ll represent it as a 
fraction.  It can be manipulated like a fraction…you can add ratios 








Smith “It’s a way to compare groups of numbers and I think that could be 
an introduction.  Say we could start with all right, we’re gonna talk 
about ratios of boys to girls in the class, something that they can 
concretely see…I have one cup of sugar to every two cups of flour 
so if I want to make a recipe and whatever that is is ‘gonna feed 12 
people, I need to feed 60 people or 300 people. I can either do this 
and repeat my recipe enough times until I can feed 300 or I can 
just put it all together in one big bowl at one time. Interviewer 
promt: So that relationship between the flour and the sugar, what 
kind of relationship is that mathematically?  Well, it’s a ratio but 
it’s also -- it’s a comparison of two values a sense by division 
because if it’s 1:2 the flour -- we’ll say that one cup of the flour to 
two cups sugar, the flour is always half of the sugar.  So no matter 
how much sugar I have, I need to divide that amount by two to get 
my flour or if I have my flour I could always multiply by two to 
get the amount of sugar.” 
 
2 Moderate  
Wiggins “A ratio is just a comparison of two things and …it’s got to keep 
that consistency between itself.  I mean, just like I buy two shoes 
for two feet.  I can’t buy three shoes for two feet… I would use the 
ratio table.  I love the ratio tables.”  








Core Emphases:  A fraction is a number, while a ratio is a comparison between two 
numbers.  A fraction has an exact location on a number line, but a ratio does not. 
The phrase “part of a whole” is commonly applied to fractions, though the study is 
trying to get teachers to get away from using this definition exclusively, while 
“part:whole” is a type of ratio (e.g., the ratio of the number of boys in a class to the 
total number of students).  Need to add more here – Beckman: how ratios give rise 
to fractions (and vice versa). 
 






Interviewer: So [you said that] ratio is a comparison of 
two quantities.  “And a fraction is a part-to-whole 
relationship.  And a ratio can be between two different 
things – it can be between two different things – where 
generally a fraction is a – you’ve got a whole and then the 
numerator is the part of that whole, where like in boys to 
girls it’s not that way. 
…[Regarding the connection between ratios and 
fractions]: That’s befuddling.  I’ll have to think over that 








Smith “Well, if you talked about ratios part-to-part nd part-to-
whole and you’ve talked about fractions as part of a
whole, whatever that whole is, then you can start talking 
about well, is a fraction always the same as a ratio? 
…Then you start -- you can start having the discussion, 
okay, if a fraction basically means it’s the parts that I’m 
counting compared to the number of parts or pieces or 
parts that it takes to represent the whole, so that’s the 
number of parts and the whole, but if I have two types of 
ratios over here -- a part-to-part and a part-to-whle -- 
which one does it sound like it’s more like? … A fraction 
can sometimes be a ratio but it is always going to be a 
ratio.  And I think we -- I would talk about the part-to-
part and the part-to-whole.”  
 
1 Weak  
Wiggins “I when I think of ratios I think of the part, no, fractions I 
think of as being part-to-whole, so like you have three 
pieces out of five of a cake.  But a ratio could be or it 
could be I’ve got 14 girls and 24 boys.  You know …a
fraction is always part to whole, [but] a ratio could be 
part-to-part or a part-to-whole.  Interviewer prompt: Do 
you see the number line coming into play at all with 
fractions and ratios?  
I probably wouldn’t go at it that way just because I don’t 
-- we don’t use the fractions on a number line.” 
 






APPENDIX O:  TEACHERS’ SCORES ON STRUCTURED CONTENT 
INTERVIEW (Q7) 
Teacher 
Core Emphases:  A linear model (e.g., number lines, fraction strips) is an appropriate 
way to show how fractions can be added, including the rationale for common 
denominators.  An area model (e.g., rectangle, circle) is an appropriate way to what 




1 x = 8
1   The professional development also presented set models as a good way 
to represent multiplication of fractions, though the area model was emphasized more. 
 







“I would use the same model, so we could see the diff rences… 
Well, I’ll go back to brownie problem [area model], okay? One-
third, so we find out what one-third is. This would be one-third of 
three-fourths is the way I think of it so first I need to figure out 
what three-fourths is.  So divide it into fourths or they would 
divide it into fourths for me… Why don’t you draw a picture – 
draw the cookies out [set model], now what does that one-third 
mean?  How do I equally divide that?  So then I told hem – well 
you could read that fraction one-third as one out of every three.  
So, John ate one out of every three cookies, right? …You know, 
we’d go back to my money model [for addition]. When you’re 
adding fractional pieces – pieces like pennies or pieces of a dollar 
– well, you need to be all adding the same thing.  Well, if you’re 
adding the same thing what’s important about these d nominators?  
They have to be the same size pieces.” 
2 Moderate  
Smith “I think one place you might want to start is start using, you know, 
their number sense. Coming back to, all right, I’vegot 3/4 of this 
bar, and I find out one group of that I have 3/4, all right?  If I have 
two of those, okay, then I have 3/4 -- each one of these is 1/4.  
Now I have another three so I have 6/4.  So 6/4 is greater than 3/4, 
okay?  …So  using number sense, if this number stays the ame 
and I multiply it by a smaller number just using yours what’s going 
to have to happen to my product if I’m multiplying simply by a 
smaller value? … And then with addition … I started with 1/3 and 
3/4 and now I’m dealing with 12ths in my answer and this 
numerator is bigger than my denominator…Tell me what part of a 
whole I have and, you know, start putting ‘em together and they 
could estimate it.”   
1 Weak  
Wiggins “I a lot of times you can refresh them back to like th  2 times 3 is 
6, it’s 3 groups of 2 and this is 1/3 of a group of 3/4…And they can 
at least see it’s gonna be a smaller answer …I think I would 
eventually have to go to a picture.[insert teacher diagram] … [For 
addition]:  I think I would go to like fraction strips. Where you 
take a strip and you cut it -- fold it into three and you take one of 
them, and you take another strip and fold it into four equal parts 
and you have to take three of them and then you compare it to a 
couple of strips and say that yeah, you end up withmore than what 
you began with…if you wanted to get to the common 
denominators then pull out the fraction circles anddo that.  Take 
the 1/3 and the 1/4 and then take other pieces to try and take 
another color and try and get the answer and you could put, okay, 
you have a 1/3 piece, you’d have the 3/4 piece and you have to put 
pieces on top of them if really wanted an exact answer.” 
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